4756 Mark Scheme
January 2006
1(a)(
) 7
v B1 For one loop in correct
O quadrant(s)
S For two more loops
N B1
ey Continuous and broken lines
e Dependent on previous B1B1
) L L, . M1 For jcosz 30do
(i) |Areais [5r dezj_lfa cos*30d0 Al For a correct integral expression
6 including limits (may be implied
:Je %a2(1+ c0560)d0 by later work)
i, M1
gﬂ
={%a2(0+%sin69) }
i,
, Al For jcoszwde:%m%sinee
=+ra
Accept 0.262a*
B1 Pt Dzbza
(b) 3 . ) 3 M1 For arcsin
J dx{ %afcsm{—x” AIALl  |For L and 2%
0 V3-4x? V3) |, 2 Ne
— Larcsin| —_
2 2.3 M1 Dependent on previous M1
:%ﬂ'
Al
(¢)  |Putting V3x=tan@ M1 For any tan substitution
1
(37 1 (sec?o 2
Integral ISJ - [ Jde AIAL  |For 1 ang %¢9
o S0 va (sec? 9)% V3
:Js”cosedgz{ﬂ}”
0o V3 3 Jo M1 Including limits of ¢
_1
2
Al
OR M1 For any sine substitution
Putting 2x =+/3sin@ Al
i,
Integral is jS %de Al For j%dg
0
. M1 For changing to limits of ¢
=57 Al Dependent on previous M1
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4756 Mark Scheme
January 2006
2()) ||wj=1, argw=30 B1
x| -1 -
|w*|=2, argw*=-3¢ B1 ft
jw|=21 jw=360+1
| jw| arg jw +57 B1B1 ft
M w
Jw
.\ X
7 - -, .
B2 w* and jw in correct positions
6| relative to their w in first
WL, quadrant
Give B1 for at least two points
in correct quadrants
(i) [ @+ w)@+we)=1+1e90 4130 4 Ledi0)Le %) \1q for w+=1e™9"
Al for 1+ correctly obtained
for w=21(cos30 + jsin30
=1+ 2(c0s30 + jsin 36) + % (cos36 — jsin30) + + M1 ; 2 tJI bt) ired
or cos36 correctly obtaine
=2 +c0s30 Al (ag) y
4
(i) [C+js=e?? 1574 1680 _ M1 Obtaining a geometric series
_ e M1 Summing an infinite geometric
1+1e3° Al series
2?1+ 1e7%)
@+ 1)1 Le¥0) M1
2’1+ 1) Using complex conjugate of
- 2 +c0s36 denom
2j0 | 1 ,-j0 ; ; Al
e”’ +e  4e1% 1 2717
2 +c0s30 5+ 4c0s 36
C 4c0s20 +2cos
5+ 4cos3¢
S 4sin 26 — 2sin 4 M1
5+ 4030 Al (ag) _ o
Equating real or imaginary parts
Al Correctly obtained
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3 (i) M1 Evaluating det(M - A1) Allow
A-DIEB-A(4-2)-12] one omission and two sign
—2[—2(—4—1)—12]+3[—4—2(—3—/1)]:0 Al errors
L= 22 +72) -2 —4)+3(24 +2) =0 det(M - 41) correct
22 +62-92-14=0
Al (ag) _ )
3|Correctly obtained (=0 is
required)
(i) |When 1=-1, -1+6+9-14=0 Bl or showing that (1 +1) isa
factor, and deducing that -1 isa
(A +1)(A2 +51-14)=0 M1 root
(A+D(A-2)(2+7)=0 for (1+1) x quadratic factor
Other eigenvalues are 2, -7 Al
3
(iii) X+2y+32=-X
—2x-3y+bz=-y M1 At least two equations
2X+2y—-41=-12
1 M1 Solving to obtain an eigenvector
z=0, x+y=0 Aneigenvectoris | -1
0 Al
3
2 - 18 M1 Appropriate vector product
OR |2]x|-2|=-18 M1 Evaluation of vector product
3 6 0 Al
(iv) 3) (6 3 0 0 0) |M1 Any method for verifying or
M[0|=|0|=2|0| M| 3|=|-21|=-7| 3 finding an eigenvector
1) (2 1 -2 14 ~2) |AlAl
3
(V) 13 0
P=|-10 3 B1 ft
01 -2
-1 0 o)
D= 0 2 0
00 -7 M1 seen or implied (ft)
10 0 (condone eigenvalues in wrong
[ 0 8 OJ order)
0 0 -343 AL ft
3|Order must be consistent with P
(when B1 has been awarded)
(vi) |By CHT, M3 +6M2?-9M -141=0 B1 Condone omission of |
M? +6M -9l ~14M~ =0 M1 Condone dividing by M
Mi=LiM2:3M-2|
14 7 14 Al
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4 (a) Le*-e™)+2(e*+e7)=8 M1 Exponential form
5e7* ~16e* +3=0 M1 Quadratic in e*
(e =" -3 =0 Solving to obtain a value of ¢*
e*=%,3 M1
AlA1l N
x=-In5, In3 Exact logarithmic form from 2
AlLfL 6 positive values of e*
Dependent on M3
OR =8-4c
150° - 64c +65=0 M1 Obtaining quadratic in ¢ (or s)
(155> +16s-48=0)
M1 . .
Solving to obtain a value of c (or
c=3, & A1A1 5)
x=+In3, +In5 M1 Ors:é, —%
x=In3, —In5 Al Logarithmic form (including +
if c)
cao
O | e eyg
Ee (" —e")dx M1 Exponential form
[ L o ] M1 Integrating to obtain a multiple
Al of e*
(¢ -D-(3)
=4(e" -5)
Al
4
©6) | 2 { 2 J f
T = B2 Give B1 for any non-zero
2 2 2
Vit (3%) VO+dx 2| multiple of this
(i) M1 Integration by parts applied to
2 H 2
. 2X arsinh(£x)x1
xarsinh(2x) |2 —J dx 3
[ 3 ]0 . m Al ft
2
[ xarsinh(£x) - ;\/9+4x } for J X dxe19+ax?
0 Bl V9 + 4x? !
2arsinh(£) -2 )-(-2)

( arsinn(3) - ) (=2) Using both limits (provided both
= 2|n( + 1+ j 1 M1 give non-zero values)
—on3-1 Logarithmic form for arsinh
- M1 (intermediate step required)

Al (ag)
6




4756 Mark Scheme
January 2006
5 (i) X=2, X=-2 B1
o ax—k®
y=x+-7- M1 Dividing out
Asymptote s y = x Al or B2 for y=x stated
(i) 1 , (<2
V Bl for LH and RH sections
- . |B1 for central section, with positive
l < .;_ intercepts on both axes
2 VA k>2
B1 for LH and central sections
k<2 K> 2 B1 for RH section, crossing x-axis
(i) | dy (- 4)(3%) - (3 - K*)(2%) M1 Using quotient rule (or
dx (X% — 4)2 Al equivalent)
(@K 4 X ~12%) Any correct form
(x* - 4)°
dy
—=0 when x=0
dx Al (ag)
When x~0, 2k*+x3-12x>0 g
d d Correctly shown
—y<0 when x<0, —y>0 when x>0
dx dx
Hence there is a minimum when x=0 M1 or evaluating % when x =0
X
2
Al (ag) or M:lk3 >0 when x=0
dXZ 8
(iv) [Curve crosses y=x when x® — k% =x(x? - 4) M1
x =1k
So curve crosses this asymptote Al (ag)
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(v)

k<2

k>2

B2

B2

Asymptotes shown

Intercepts 2k* and k indicated
Minimum on positive y-axis
Maximum shown

Give B1 for minimum and
maximum on central section

Asymptotes shown

Intercepts 2k° and k indicated
Minimum on positive y-axis
RH section crosses y=x and
approaches it from above
Give B1 for RH section

approaching both asymptotes
correctly

PMT
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1(a)(i)
B1 Correct shape for -1z <0<3x
including maximum in 1st
> guadrant
Bl
2| Correct form at O and no extra
sections
(i) o 3x " , M1 For integral of (v2 + 2cos6)?
Area s IEr dH:J_Sﬁza (V2 +2c0s0)* do Al For a correct integral expression
4 including limits (may be implied
2x by later work)
2
= a (1+2\/§c036'+1+00526')d¢9 . 2
3 B1 Using 2cos” @ =1+ cos20
3.
_ 2 P 1 i
_{ a (20+2\/§sm¢9+55|n 26) } 3 B1B1 ft |Integration of cos@ and cos26
3y
—3(r +1)a M1 Evaluation using Sin%ﬁ:(i)%
Al
7
(b)(i) f'(x) =sec?( 7 +X) B1
Any correct form
f7(x) = 2sec’($ 7 + x) tan($ z + x) B1
f(0)=1, f'(0)=2, f"(0)=4 .
f( ) Lo ( )2 ) © M1 Evaluating f'(0) or f"(0)
(X)=1+42x+2x° +... B1A1AL
6
OR g'(u)=sec’u (whereg(u)=tanu) B1 Condone sec® x etc
g"(u) =2sec’utanu B1
9G7) =1, 9Gn)=2, 9" Gr)=4 M1 Evaluating ¢'(37) or g"(37)
f() =gtz +x) =1+2x+2x>+.. B1A1Al
ii h
) J X2(L+2x + 2x% + ...) dx
-h
L 143,148,205, " M1 Using series and integrating
3 2 5 n Al ft (ft requires three non-zero
terms)
(13 1.4 2 1o 113 1.4 2 1o
~(3h%+2ht+2n%) - (~in®+1n - 2h%)
=2pd 4 4p°
0 Al (ag)
3| Correctly shown
Allow ft from 1+ kx + 2x? with
k=0

PMT



4756 Mark Scheme June 2006
2 n, 1 ol
@) z +Z—n_2cosn0, z —Z—n_ZJsmn& B1B1
2
1) 1Y
’ z-= z+= | =64sin*Hcos?
(i) ( . j ( . J Bl
_,6 —224—22+4—i2—£4 is M1 Expansion z°+ .. +z°
A A Al )
M1 Using z" +Z—n:2cosn¢9 with
n=2, 4 or 6. Allow M1 if used
200560 — 4C0S 40 — 20520 + 4 in p_artlal expansion, or if 2
Al ft omitted, etc
sin* @cos? 6 = 0560 — -c0s 40 — 50520 + =
Al
_1 _ 1 _ 1 _ 1
(A_ﬁ’ B——E,C——a, D_E 6
. |4+4j|=x/§, arg(4+4j)=%7r B1B1 Accept 5.7; 0.79, 45°
(b)() 2
1
0 5
iy =2 B1 Accept 32, 1.4, Y442 etc
O=-37, —F7, 557, 567 57 B3 Accept —2.4,-1.1,0.16,1.4,2.7
Give B2 for three correct
Give B1 for one correct
Deduct 1 mark (maximum) if
N degrees used
A
(-135°, —63°, 9°, 81°, 153°)
57 +2kz earns B2; with
k=-2, -1, 0, 1, 2 earns B3
>
B2 Give B1 for four points correct,
6|  orB1 ft for five points
R - (LI (S O | |
(iii) = 2 2 M1 Exact evaluation of a fifth root
=-1-] Al Give B2 for correct answer
p=-1, q=-1 2 |stated or obtained by any other
method
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3 (i) M1 Evaluating determinant
1 5k-13 5-2k Al For (5-k) must be simplified
Mt=——_| 1 52-8k 3k-20 M1 Finding at least four cofactors
P10 —12 5 Al At least 6 signed cofactors
M1 correct
Transposing matrix of cofactors
Al and dividing by determinant
6 | Fully correct
OR Elementary row operations applied to M or elementary column
(LHS) operations
and | (RHS), and obtaining at least two
zeros in LHS M1
Obtaining one row in LHS consisting of two
zeros and a multiple of (5-k) Al
Obtaining one row in RHS which is a multiple
of a row of the inverse matrix Al
Obtaining two zeros in every row in LHS M1
Completing process to find inverse M1Al
(i) X . 1 22 -9)\(12 M1 Substituting k =7 into inverse
yi=-3 1 -4 1iIm M1 Correct use of inverse
z -1 -12 5){ 0 M1 Evaluating matrix product
x=-1Im-6, y=2m-6, z=6m+6 A2 ft Give Al ft for one correct
5 | Accept unsimplified forms or
solution left in matrix form
OR e.g. eliminating x ,
3y-z=-24 o . .
5 B M2 Eliminating one variable in two
y—z=4m-36 .
different ways
y=2m-6 M1 Obtaining one of X,y , z
Give M3 for any other valid
method leading to one of x , v,
x=-1Im-6, y=2m-6, z=6m+6 A2 Z in terms of m
Give Al for one correct
(iii) M2 Eliminating one variable in two
Eliminating x, 3y+3z=-24 different ways
5y+5z=4p—36 Al Two correct equations
For solutions, 4p-36=-24x2 M1 Dependent on previous M2

OR Replacing one column of matrix with
column
from RHS, and evaluating determinant

determinant 12 +12p or —-12-12p

M2
Al

For solutions, det =0
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OR Any other method leading to an equation
from

which p could be found M3
Correct equation Al
"""""""""""""" p=—1
Let z=21,

June 2006

Obtaining a line of solutions
Give M3 when MO for finding p
or x=13+1, y=4,2=-8-41

or x=4, y=-13+1, z=5-1
Accept x=5-z, y=-8-12

or x=y+13=5-z etc

PMT



4756 Mark Scheme June 2006
4() |1+2sinh?x=1+2[L(e* —e™)]?
=1+1(e®-2+e%) B1 For (X —e )2 =e?* 24+
_ 1742 -2
=5 (e +e™) B1 For cosh2x =1 (e +e™?)
= cosh 2x B1(ag) |For completion
3
(i) | 2@+ 2sinh?x) +sinhx =5 M1 Using (i)
4sinh? x +sinhx —3=0
(4sinhx —3)(sinh x +1) =0 M1 Solving to obtain a value of
- _ 3 H
smhx_z, -1 ALAL sinh x
x=arsinh(2)=In(2+ /= +1)=1In2 Al ft
x=arsinh(=1) =In(-1+V1+1) = In(v2 -1 AL
6lor ~In(W2 +1)
SR Give Al for
+In2, +In(W2 -1
OR 2e*™ +e¥* —10e* -e*+2=0
M2 Obtaining a linear or quadratic
(€ - 2)(2e* +1)(e¥ +2e* -1) =0 Al1A1 factor
2
x=In2, In(2 1) A1A1 ft For (e¥-2) and (e”* +2e* -1)
(iii) In3 . M1 Expressing in integrable form
jo E(COSh 2X —1)dX or j%(EZX 24+ e—ZX)dX
In3
:{ gsinh2x -3 } AIAL |0 (5 —Fe ™) —3x
0
1 1 1
25(9—5J—5In3 M1 For 2™ _9 and e’z'”3:%
_1o 1,4 MO for just stating sinh(2In3) =4
9 2
Al (ag) etc .
5 Correctly obtained
(iv) |Put x=3coshu M1 Any cosh substitution
when x=3, u=0
when x=5, u=arcosh$=1In3 B1 For In3 Not awarded for
5 3 arcosh 2
J Vx? -9 dx :J (3sinhu)(3sinhu du) Al
3 °| ; Limits not required
n
= 9J sinh?u du
0
9
=1O—5In3 Al
4
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5 (i)
B2 At least two cusps clearly shown
. Give B1 for at least two arches
x
Has cusps Bl
Periodic / Symmetrical in y-axis / Has B1 Any other feature
maxima / 4
Is never below the x-axis
(if)
In
B2 At least two minima (zero
) gradient) clearly shown
- Give B1 for general shape
x correct (at least two cycles)
The curve has no cusps Bl For description of any difference
3
(iii) | (A)
J
B2 At least two loops
2| Give B1 for general shape
' ! 3 correct (at least one cycle)
x
(B) M1 Correct method of differentiation
Allow M1 if inverted
ﬂ: sin@ Al Allow siné@
dx 1-2cosé 2 1-kcosd
(©)
g_y is infinite when 1-2cosd =0 M1
X
0 :%” Al Any correct value of 9
XZ%H—ZSin%ﬂ' M1
=-(3-%m)
, . 1
Hence width of loop is 2(v3 -1 7) M1 Finding width of loop
2r
—2J3 -2
V3 3 Al (ag) |Correctly obtained
5| Condone negative answer
(iv) | k=46 B2 Give B1 for a value between 4
2|and 5 (inclusive)
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1(a)(i)
(—\ Bl Correct shape for 0<6<1z
' > B1 Correct shape for
B o A 2 %ﬁSHSﬁ Requires decreasing r
on at least one axis
Ignore other values of 9
_ M1 For [(e™’)2de
iy |Areais Jir2do= j La’(e™’)’do Ce _ _
0 Al For a correct integral expression
) 7 including limits (may be implied
= { _2 2o } by later work) (Condone
4k 0 M1 reversed limits)
a2 s Obtaining a multiple of e ¢ as
:E(l &) Al the integral
4
(b) 1 2 M1 For arctan
jz;dx { arctan[ 2xj } 2X
03+ 4x* 23 V3) ], AlA1 J_ \/_
I S
" 23 arctan ﬁ M1 Dependent on first M1
- Al
1243 5
OR M1 For any tan substitution
Putting 2x =+/3tan @ Al
(1
Integral is ——dé Al .
g JO e For j de
M1 For changlng to limits of &
= Al Dependent on first M1
1243
(©)@i) | f(x)=tanx, f(0)=0
f'(x)=sec’ x, f'(0)=1 B1
f7(x) = 2sec® xtanx, f"(0)=0 o
£ (x) = 2sec* x + 4sec® xtan® x, f"(0)=2 M1 Obtaining " (x)
3 Al For £"(0) and f"(0) correct
X
tz’ﬂllﬂX:XJr;(Z)Jr--- (=x+3x°+..) B1 ft ft requires x* term and at least
' 4|one other to be non-zero
(i) | (4 tanx “
j B J @+ 5x)dx M1 Obtaining a polynomial to
" n integrate
4h
{ KX } AL ft
, h ; For x+%x°
— 64 _ 1 .
=@h+gh%) = (h+gh%) ft requires at least two non-zero
=3h+7h° terms
Al ag

32
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2(a)(i) |w|=3, argw=-217 B1 _Deductl mark if answers given
) Ny in form r(cos@+ jsin@) but
|2]=2, argz=—3z BiB1 modulus and argument not
w| 3 w 1 1 1 stated.
—|=3, aig—=(-=x)-(—z7)=37
‘ z ‘ ? z 2 : ) BIB1ft 5 Accept degrees and decimal
approxs
(i1 Y _3(cosir+jsinir) M1
z
3 3 .
=—+—] Accept +1.125 ++/1.125 j
2 o2 Al , p I
~Lig Lio
. e 2% g2
(b)(0) Lo g 1 _ _
= (cos3 0 - jsin;0) + (cos5 6 + jsin 3 0) M1 For either bracketed expression
=2c0s+0 Al
1400 2l (o210 | o210
+e el_ (e +e2) M1
:efja(Zcos%H) Al ag
4
OR 1+e/? =1+cos@ + jsin@
=2cos’ 20+ 2jsin0cos 1o M1
_ 1 1 icin 1
_200559(00559+ jSInEH)
= 2¢2) cos 36 Al
(i) . N o (N 250 N\ nio
C+jS:1+le +2e +...+ne M1
=@+el)" M1A1
_ " o 1y Using (i) to obtain a form from
2 M1 which the real and imaginary
C =2"cos(;né)cos" 26 Al parts can be written down
§ =2"sin(3nd)cos" 10 Al
2"sin(En@)cos" Lo  sin(tne
S_ e (21 ) nzl = (21 ) :tan(%n&) 100
C  2%cos(;nd)cos" 560  cos(;no) Bl ag Allow ft from C +jS=e?" ' x any
7| real function of n and 6

33
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3 (i) |detP=1(6-k)-1(4-2) M1
=4-k Al
-1 2  6-k _
pi_ L 4 _ak ke M1 Evaluating at least three
4-k o ) ,lellf cofactors _
t Fully correct method for inverse
-1 2 4 Ft from wrong determinant
When k =2, pt-Lla 6 _10
2[L1 2 2 Blag
6| Correctly obtained
(i) 4y (0 4 2 2
M[{1l|=(0(=0]1 M|1l|=|1|=1]1 .
1 0 1 0 0 M1 For one evaluation
2 4 2
M| 3 |=| 6 |[=2] 3
-1 -2 -1
Eigenvalues are 0, 1, 2 ALALAL
4
OR M1 Obtaining an eigenvalue (e.g. by
solving -4*+312-21=0)
Eigenvalues are 0, 1, 2 A2 Give Al for one correct
Al Verifying given eigenvectors,
linking with eigenvalues
correctly
(iii) 4 2 2 00 0
B1B1 For{1 1 3 jand|0O 1 O
1 0 -1 0 0 2"
4 2 2Y(0 0 0) (-1 2 4 seen
M"=[1 1 3|0 1 O L 4 -6 -10 (for B2, these must be
10 -1/lo o 2" 2 1 2 2 MI1A1 consistent)
02 21V(_1 2 4 For SD"S™ (M1AO if order
:%o 1 3x2"|| 4 -6 -10 a1t wrong)
00 -2"Ji-1 2 2 4 2 2 0 0 0
4-2" -6+2"t  —1042" oril11 3] 4 -6 -10
=[2-3x2"1 —34+3x2" -54+3x2" M1 211 0 —1)|o2n ot g
on-1 _on _on Al
Evaluating product of 3 matrices
4 -6 -10 -2 4 4 Any correg(’:tpform
=2 -3 -5 |+2"' -3 6 6
0 0 0 1 -2 -2 Al ag
8

34
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OR Prove M" = A+2"'B by induction
When n=1, A+B=M
Assuming M* = A+2¥1B
MY = AM + 2B M
=A+27(2B)
=A+2B
True for n=k = True for n=k+1;

hence
true for all positive integers n

M1A2

AlAl
Al

Al

Jan 2007

or Mt =MA+2“'MB

Dependent on previous 7 marks

35
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4 (1) |If y=arcoshx, x=coshy=21(e” +e7) M1 % and + must be correct
e? —2xe¥ +1=0 M1
y 2xEtA4x? -4
e M1
=x+tyx% -1
Al
Since y=>0, e’ >1, s0 Y =x++vx? -1
V- [\2 _
arcoshx=y=In(x++vx°-1) Al ag
5
(i) J&g 1 ; { 1 h(ZXjTB M1 For arcosh (or any cosh
———=0X=| —arcosh| — substitution)
25 \4x? -9 2 3) 155 AlAl . 1 o
r=and ==
=2 (arcosh 2.6 —arcosh 2) ° ;&
or 2x=3coshu and |idu
=%( In(2.6 +/2.62 —1)—In(%+,/%—l)j M1 ( jz )
—1(In5—1In3 (or limits of u in logarithmic
=5 (In5-In3) form)
=33 Al
5
OR M2 For In(kx+vVk2x% —..)
Give M1 for In(kx++/k,x? —...)
3.9
[%In(2x+\/4x2 —9) LS A1A1 For 1 and In(2x +v4x? -9)
~1In15-LIn9 (or In(x+ x* =)
2 2
_1n5
=5In3 Al
(iii) | dy _ (2 +sinh x)sinh x — (cosh x)(cosh x) M1 Using quotient rule
dx (2 + sinh x)2 Al Any correct form
_ 2sinhx -1
(2 +sinh x)?
W_1 hen 18sinh x — 9 = (2 + sinh x)2
dx 9 - M1 Quadratic in sinhx (or product of
sinh? x —14sinh x +13=0 two quadratics in e”)
sinhx=1, 13 M1 Solving quadratic to obtain at
When sinhx =1, coshx =+, x = In(L+2) least one value of sinhx (or e*)
o 2 M1 Obtaining x in logarithmic form
Pointis | In(1+ \/E), — (must use a correct formula for
3 Al ag arsinh)
When
sinh x =13, coshx=+170, x = In(13++/170) SR B1BL1 for verifying y =12
o v and
Point is (In(13+\/170), LOJ A1AL v 1
15 8 d_y:§ when x=|n(1+\/§)
X

36
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Alternatives for Q4 (i)

cosh In(x + /X2 -1) :%(eln(xwx?_l) +e—|n(x+\/x2_1) ) M1

1 2 1
NN [ P S
2 X+/x2 -1 M1

=1(x+V* -1+x-Vx*-1) |1

=X
Al
Since In(x++/x*—-1)>0, arcosh x = In(x++/x? —1) Al
5
If y=arcoshx then
In(x+~/x? —1) = In(cosh y ++/cosh? y —1) M1
= In(cosh y +sinh y) M1
since Al
sinhy >0
M1
=In(e")
Al

37



4756 Mark Scheme Jan 2007
5 (i)
(’\ Bl General shape correct
k=1 u - Bl Cusp at O clearly shown
(:\ > B1 General shape correct
k=15 0
- Bl ‘Dimple’ correctly shown
k=4 ©c
Bl
(i) [Cusp Bl
(iii) |When k =1, there are 3 points
When k =15, there are 4 points
When k =4, there are 2 points B2 Give B1 for two cases correct
(iv) | x=kcos® +cos? Bl
dx . .
— =—ksind —2cosésin g
9 B1
=-sind(k + 2cosb)
=0 when #=0, 7, or cosd=—1k M1
For just two points, k >2
J P Al Allow k > 2
(V) |d2=r?+1%-2rcosd M1
= (k + cos0)? +1—2(k + cos &) cos Al
=k*+1-cos’0 (=k?+sin’0)
Since 0<cos?9<1, M1 or 0<sin0<1
k?<d?<k?+1 Al ag
(Vi) |When k is large, vk? +1~k, so d ~k M1
Curve is very nearly a circle,
with centre (1, 0) and radius k Al

38
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1(a)(i)
B2 Must include a sharp point at O and
= have infinite gradientat 0 ==
Give B1 for
r increasing from zero for
0< @< x, or decreasing to zero for
-71<6<0
(i) s S , M1 For integral of (1- cos6)?
Area is f;r do = L 28" (L-cosd)"do Al For a correct integral expression
I including limits (may be implied by
2
:%aZJ (1-2cos0+1(1+cos20) ) do later work)
0 Bl Using cos? 0 = £ (1+ cos 26)
—1.2| 39_9i Lgj
28 { 20 ~2sin6+sin20) } B1B1ft |Integrating a+bcosé and kcos26
2
=1a’(37-2) B1 Accept 0.178a%
(b) [Put x=2sing M1 or x=2cosd
iﬂ
. 6 1
Integral is J 5 (2cos0)do Al Limits not required
0 (4-4sin?9)>
:Jé” 2c0s0 dazjéﬂ
o 8cos’o 0
lﬂ
:{%tane T M1 For jseczadeztane
0 .
11 1 SR If x=2tanhu is used
=—X—==—" M1 for Lsinh(%In3
4B 4 e 14 (21 ) 1
Al for g(\/§—E) =5 (max2/4)
(C)(I) £ (X) _ -2 .
o B2 Give B1 for any non-zero real
multiple of this (or for _—2 etc)
siny
(i) £(x) = —2(1— 4x2)_% M1 Binomial expansion (3 terms, n=—1)
=201+ 2x% +6x* +..) Al Expansion of (1—4x?)"2 correct
f(x)=C — 2x —%xS _ %Xs . (accept unsimplified form)
M1 Integrating series for f'(x)
f(O):%ﬂ = C :%ﬂ
f(x)=Lr—2x—-4x3 125 Al Must obtain a non-zero x> term

2

3

27
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OR by repeated differentiation
Finding f® (x) M1
Evaluating f® (0) (=-288) M1
f(x)=—2-4x2 —12x* +... Al ft
f)=2m-2x-3x°"—2x° ¢ . Al

June 2007

Must obtain a non-zero value
ft from (c)(i) when B1 given

28
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2(a) | (cosé + jsing)®
=c° +5jc*s —10c®s? —10jc?s® + 5¢5* + js° M1
Equating imaginary parts M1
sin560 =5¢*s —10c2s® + s° Al
=5(1-5%)2s —10(1— 5?)s® + §° M1
=55 -10s% +5s° —10s® +10s° + s°
=5sin @ — 20sin° @ + 16sin° & Al ag
(b)(i) | —2+2j | =48, arg(=2 + 2j) :%ﬂ B1B1 Accept 2.8; 24, 135°
r=+2 B1 ft (Implies B1 for +/8)
O=57 B1 ft One correct (Implies B1 for 27 )
gL, _5. M1 Adding or subtracting £
12 12 Al Accept 6=17+2kz, k=0,1,-1
A
| "jr,///ﬁ B2 Give B1 for two of B, C, M in the
B a\// / correct quadrants
i / > Give B1 ft for all four points in the
correct quadrants
[
|w|=142 Bl ft Accept 0.71
(iii)
agw=1(ir+Lr)=1Lz B1 Accept 1.8
(iv) ‘ W ‘ :(%\/5)6 =1 M1 Obtaining either modulus or
. . argument
arg(w’ )=bx;r=57 Al ft Both correct (ft)
w® =1(cosZz +jsintr)
=31 Al Allow from argw=17 etc

SR If B, C interchanged on
diagram
(i) B1
(iii) B1 Blfor -7
(iv) M1A1A1

29
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3 (i) detM - A1) =B-D[B-A)(-4-1)-4] M1 Obtaining det(M — 11)
—5[5(-4- 1) +4]+2[-10-2(3-1)] |A1l Any correct form
=(3-)(-16+ A + A%) —5(~16 — 51) + 2(~16 + 24)
=—48+192+ 2% - 22 +80 + 251 - 32+ 44
=481+ 27 - 1° M1 Simplification
Characteristic equation is 4* — 24 —484 =0 Al ag
(i) | A(A-8)(1+6)=0
. M1 Solving to obtain a non-zero value
Other eigenvalues are 8, —6 Al
When 2=8, 3x+5y+2z=8x
( 5x+3y-2z=8y )
2x -2y —4z1=82 M1 Two independent equations
1
y=x and z=0; eigenvector is | 1 M1 Obtaining a non-zero eigenvector
0 Al
( -5x+5y+2z=8x etc canearn
When 4=-6, 3x+5y+ 27 =—6x MOM1 )
5X + 3y — 27 = -6y M1 Two independent equations
1
o . M1 Obtaining a non-zero eigenvector
y=-X, z=-2X; eigenvectoris | -1 Al
-2
(iii) 1 1 1
P=|_-1 1 -1 B1ft BO if P is clearly singular
1 0 -2
00 0Y
D={0 8 O
00 -6 M1
0 0 O
=0 64 0
0 0 36 Al Order must be consistent with P
when B1 has been earned
(iv) | ME-2M?-48M =0 M1
M3 = 2M? + 48M
M* =2M? + 48M?
=2(2M? + 48M) + 48M? M1
=52M? + 96M Al

30
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4 (a) Jl 1 1 3x 1t M1 For arsinh or for any sinh
———0dx= { —arsinh— } substitution
JOx? +16
0 NIXTH 0 Al For %x or for 3x =4sinhu
i Al For 1 or for | Ldu
:%arsmh% 3 Is
=3In(3+,/3+1) M1
=+In2 Al
5

OR M2 For In(kx +vk?x% +...)
[ Give M1 for In(ax++bx? +...) ]

1
[%In(3x+\/9x2 116 )} A1AL or 2in(x + Jx? + 1)
0
_1 1
=3In8-3In4
_1
=3In2 Al
(b)(P) | 2sinh xcosh x = 2 1(e¥-e)2(e +e7™)
=1(e” -e ™) M1 (eX—e ™) (e +e¥)=(e*—e™)
=sinh 2x Al For completion
2
@) | dy . .
dx 20sinh x - 6sinh 2x B1B1 When exponential form used, give
For stationary points, B1 for any 2 terms correctly
20sinh x —12sinh xcoshx =0 differentiated
4sinh x(5—-3coshx) =0 . .
i ( ) 5 M1 Solving Y _ 0 to obtain a value of
sinhx=0 or coshx=23 dx
x=0, y=17 Al sinh x, cosh x or e* (or x=0
stated)
x=(£)In(2+&-1)=In3 Al ag Correctly obtained
1 3 1 59 .
y= 10(3 + §] - 5(9 + 5] =3 Alag Correctly obtained

The last ALAL ag can be replaced

x=—In3, y:5_: B1 by B1B1 ag for a full verification
7
3 In3
(iii) { 20sinh x - — sinh 2x } B1B1 When exponential form used, give
~In3 B1 for any 2 terms correctly
_ 1) 3(,.1 integrated
- { 10(3 3} 4 (9 9] }X 2 M1 Exact evaluation of sinh(In3) and
80 20 sinh(21In3)
:(?——jx2:40 Alag
4
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5 (i)
A B1 Maximum on LH branch and
. J J{ (N minimum on RH branch
B :‘ g Bl Crossing axes correctly
! / B1 Two branches with positive
> gradient
\’U / / * |B1 Crossing axes correctly
P
iy !
k=1 - )
> Bl Maximum on LH branch and
k=-05 minimum on RH branch
B1 Crossing positive y-axis and
Y 6 | minimum in first quadrant
(ii) (x+K)(x — 2k) + 2k + 2k o o
y= Y+ k M1 Working in either direction
2k(k +1) .
=x—2K+ ik Al (ag) |For completion
Straight line when 2k(k +1)=0
k=0, k=-1 B1B1
4
(iii)(A) | Hyperbola B1
1
(B) | x=-k Bl
y=x-2k B1
2
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iv
(iv) Ny
; 7 Bl Asymptotes correctly drawn
: / B1 Curve approaching asymptotes
 2%A B L7 correctly (both branches)
e P z& > Bl Intercept 2 on y-axis, and not
‘ PR * crossing the x-axis
; z B1 Points A and B marked, with
| . minimum point between them
\ 7
B1 Points A and B at the same height

N -
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4756 (FP2) Further Methods for Advanced Mathematics

1(a) M1 For [(1-cos26)®do
Area is J La?(1-cos26)? d6 Al Correct integral expression
0 including limits (may be implied
7 by later work)
:J 1a%(1-2c0s20+1 (L+cos46))do B1
0 For cos® 20 =1 (1+ cos 40)
Z%az [%H—Sin 264—%5“’]40]0 B1B1B1 .
a2 ft Integrating a+bcos26 + ccos46
=47a [ Max B2 if answer incorrect and
Al no mark has previously been
7 |lost ]
(0)(1) Applyin iarctanu =
M1 pplying QU T2
or y_ 1
dx sec?y
fg=—+
1+ (/3 +x)? Al
) _2(J3+%) M1 Applying chain (or quotient) rule
FW=r———%v Al
(1+(\/§+ x)z) 4
(i) | fO) =37 B1 Stated; or appearing in series
Accept 1.05
f'(0)=1, f"(0)=-143 M1 Evaluating f'(0) or f"(0)
arctan(v/3 + X)=17+%+X—7+/3 X% 4. AIALft |For ix and -1 43 X2
4| ft provided coefficients are
non-zero
iii h
(i) J Grx+ix?-13x%+.)dx
-h X M1 Integrating (award if x is
9 3 missed)
:[%nx +x3 -1 Bx% 4 AL ft
-h for Lx°
~(Lzh?+L1h®-Ly3h%)
~(zh?-Lh®-23n%)
3
=1h
Al ag )
3| Allow ft from a+ x+cx
provided that a=0
Condone a proof which neglects
h4
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1 .
2(3) | 4th roots of 16j=16e2"" are re)’ where .
r=2 B1 Accept 164
O=%7 B1
7 2krz )
0 Y + e M1 Implied by at least two correct
g1 s s (ft) further values
“T8% Tg7 3”7 Al or stating k=-2, -1, (0), 1
M1 Points at vertices of a square
centre O
or 3 correct points (ft)
Al or 1 pointin each quadrant
6
M1 For elfe™19 =1
(b)) | @-2e'%)1-2e719)=1-2e% —2e710 14 Al
=5-2(el? +e719)
=5-4cosé Al ag
3
OR
(@—2cosd —2jsinB)(L—2cosf + 2jsin ) M1
=(1-2cosd)? +4sin? 6 Al
=1—4c0s 0 +4(cos? @ +sin? 6)
=5-4cosd Al
(i) | C+js=2el? +4e20 18e3¢ 4 42N gn? M1 Obtaining a geometric series
2619(1_(2610)n) M1 Summing (MO for sum to
= 12010 Al infinity)
_2el7(@1-2"e"?)1-2e71%)
1-2el%)1-2e71%) M1
2e]9 _4_2n+1e(n+1)jz9 +2n+2enjn9
5—4coséd A2
Give Al for two correct terms in
c- 2c0s6 —4—2"1 cos(n+1)0 + 2™2 cosné ML numerator
5 4cosd Al ag Equating real (or imaginary)
H _ o+l o n+2 i parts
S 2sin@—-2""sin(n+1)8+2""“sinnd
5—-4cosé
Al
9
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3 (i)

Characteristic equation is

(7T-A)(-1-21)+12=0 M1
2> -61+5=0
A=1,5 AlAl
6 3 0
When A=1, T3 - X M1 or X1_
-4 -1)\y y -4 -2)\y 0
can be awarded for either
7X+3y =X M1 eigenvalue
—4x-y=y Equation relating x and y
y=-2x, eigenvector is ( J
- Al .
X or any (non-zero) multiple
When 4-5, ( jU []
7x+ 3y =5x
—4x—y =5y M1
. (3
y=-%x, eigenvectoris ( j
-2 SR (M-Al)x=Ax can earn
Al 8 M1A1A1IMOM1AOM1AO
(i) 1 3
P= _2 _2 B1 ft BO if P is singular
510
o 5 B1 ft For B2, the order must be
2 |consistent
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PMT



4756

Mark Scheme

January 2008

(iii)

M=PDP™"
M"=PD"P*

1 0) ,
=P P
05
(1 3)(1
-2 -2]Jlo
(1
—2
_1(-2+6x5"
4| 4-4x5"

-_1,3 n
a= 2+2><5

c=1-5"

03)1(-2 -3
5" Jal 2 1

3x5" J1(-2 -3
—2x5"]4( 2 1

—3+3x5"
6—2x5"

J

M1
M1

Al ft

B1 ft

M1

Al ag

A2

May be implied

Dependent on M1M1

For P~

1 3)1( -2 -3
or =
-2 -2)4(2x5" 5"
Obtaining at least one element
in a product of three matrices

Give Al forone of b, c, d
correct

SR If M"=P1D"P is used,
max
marks are

MOM1AOB1M1A0A1l
(d should be correct)

SR If their P is singular, max
marks
are M1IM1A1BOMO

23
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4 (i) 1" +e™)=k M1 or cosh x+sinh x = e*
e —2ke* +1=0 M1 or k+vk?-1=¢"
2
ex - HKEVAKT ~4 “‘2”‘ “4 k1
x=In(k +vk? 1) or In(k—vk?®-1) Al One value sufficient
2 2 k2 (k2 _1) = . .
(VK ~D)(k—Vk? ~1) =k - (k? -1 =1 M1 or cosh x is an even function
In(k —vk? -1) = In(;) =—In(k +vk? -1) (or equivalent)
k+vk?-1
x=+tIn(k +vk? -1)
Al ag
5
(i) M1 For arcosh or
IN(Ax +VA%x% - ...)
Al or any cosh substitution
, For arcosh2x or 2x=coshu or
2
J ;dxz{%arcosh ZX:I |n(2X+\/4X2 —1) or In(X+ XZ—%)
2
1 Vax* -1 1 Al For 1 or [du
=+ (arcosh4—-arcosh2) M1
L Exact numerical logarithmic
(@) -In@+v3) ) | Ay form
5
(iii) | 6sinh x—2sinh xcosh x =0 M1
coshx=3 (or sinhx=0) M1 Obtaining a value for cosh x
x=0 Bl
x =+ In(3++/8) Al or x=In(3++8)
4
OR e* -6e* +6e*-1=0
(e —1)(e®* -6e* +1)=0 M2 or (e*—e™*)(e*+e*-6)=0
x=0 Bl
x = In(3++/8) Al
(iv) | dy _
a_ecoshx—2cosh2x B1
If 3—y=5 then 6cosh x—2(2cosh? x-1) =5 M1 Using cosh 2x = 2cosh? x-1
X
4cosh? x—6coshx+3=0
Discriminant D =6° —4x4x3=-12 M1 Considering D, or completing
square, or considering turning
Since D <0 there are no solutions Al point
4
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OR Gradient g =6cosh x—2cosh 2x Bl
g’ =6sinh x—4sinh 2x = 2sinh x(3—4 cosh x)
=0 when x=0 (only) M1

g"=6cosh x—8cosh2x=-2 when x=0 M1
Max value g=4 when x=0

So g is never equal to 5 Al Final Al requires a complete
proof showing this is the only
turning point
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5 (i) A=-1 2=0 2=1
B1B1B1
cusp loop B1B1 Two different features (cusp,
5|loop, asymptote) correctly
identified
(i) | x=1 Bl
1
(iii) |Intersects itself when y=0 M1
t=(+)VA Al
A
— 0
( 142 j Al
3
(iv) |dy o>
P 3t°-1=0 M1
\F
= i —_—
3
/13 B y)
144 342 Al ag
1.3 a1
y—i( (E)2 —/1(5)2 J
M1 One value sufficient
55 )+ 38)
=t Q| = =222
33 43 33
423
= i‘ —_—
27 Al ag
4
(v) |From asymptote, a=8 Bl
. . . at
From intersection point, — =2
P 1+ M1
1
A==
3 Al
: : /4/13
From maximum point, b,|— =2
27 M1
b=27 Al
5
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4756 (FP2) Further Methods for Advanced Mathematics

1(a)(i)| x=rcosd, y=rsné M1 (MO for x=cos8, y=sing)
(r?cos? @+r2sin? )2 =3(r cosb)(r sing)? Al
r*=3r3cosfsin? o
_ s 2
r=3cos@dsn“ @ Al ag
3
(i)
B1 Loop in 1st quadrant
B1 Loop in 4th quadrant
Bl Fully correct curve
3| Curve may be drawn using
continuous or broken lines in
any combination
1 .
(b) Jl L { 1amsndgx} M1 Fori?$n A
= = . X
0v4—3x2 3 2 |, Al1Al For:/§ and —
:iarcsinﬁ .
3 2 M1 Exact numerical value
e Dependent on first M1
BEYE Al (M1AO for 60/+/3)
5
OR M1 Any sine substitution
Put ¥3x=2sin6 Al
1 z
1 3 1 1
7dX=J —dé Al For Jidg
L\/4—3x2 03 3
T
= M1A1 i
33 M1 dependent on first M1
©) | In@+x)=x-3x*+1x3-Ix*+1x5— . Bl S
1.2 1.8 1.4 1.5 Accept unsimplified forms
IN1—X) =-X-5 X" =3 X =3 X" =g X° —... B1
2
i 1+x
(i) In(ﬁj=ln(1+x)—ln(l—x) M1
_ 23,25
=2 Al Obtained from two correct

series
Terms need not be added

If MO, then B1 for 2x+2x*+2x°
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s _ :1+i+ +
= (2r+147 3x4  5xa? Bl Terms need not be added
=2x1+2x(1)°+2x(3)%+... B1 For x=1 seen or implied
1+
=In iy =In3 B1 ag Satisfactory completion
2() ||z|=8, agz=1iz B1B1 Must be given separately
Remainder may be given in
exponential or rcjsé form
|z*|=8, agz=-ir B1 ft (BO for L)
| zw|=8x8=64 B1 ft
ag(zw) =47+ 5r=27 B1 ft
z| 8 .
- :§_1 B1 ft (BO if left as 8/8)
z
A =am T =in B1 ft
(i) E:cos(—%;r)+jsin(—%7l) M1
1_@. AL If MO, then B1B1 for
2 2! 1,43
2 2
a=1, b=-143
(iii) |r=38=2 B1ft Accept ¥/8
0=57 B1
2k .
9=% = M1 Implied by one further correct
, s (ft) value
O=-57, 37 Al Ignore values outside the
required range
(iv) o :8e—éﬂj © Ze—llzzrj . Matching w* to a cube root with
B1 ft argument —Zz and k, =1 or ft
ky =+
ftis =
8
Lz 3,”' . % .
z*=8e 4 =-8e* M1 Matching z* to a cube root with
argument 2z May be implied
3rj r
4 —_ 1% .
So 2e z Al ft ft is _W
ky=—%
Matching jw to a cube root with
M1 argument Lz May be implied
OR M1 for arg(jw) = 37 +argw
1,7 13 L
jw=8e'Z"2")) _ger"! (implied by 87 or -17)
1 L
=-8e2"' so 262" =_1jw ftis —-
8
ks :_% Al ft
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3 (i) M1 Evaluation of determinant
(must involve k)
Al For (k-3)
M1 Finding at least four cofactors
1 -1 k+2 -1 (including one involving k)
Ql=—+1 4-3k k-2 Al Six signed cofactors correct
k- -5 1 (including one involving k)
1 6 -1 M1 Transposing and dividing by det
. B B Dependent on previous M1M1
When k=4, Q=1 -8 2 Al Q™ correct (in terms of k) and
1 51 result for k=4 stated
After 0, SC1 for Q7! when k=4
obtained correctly with some
working
(i) 2 -1 4 100
P={1 0 1|, D=|0 -1 0 B1B1 For B2, order must be
31 2 0 0 3 consistent
M =PDP™* B2
2 -1 4(1 0 0\(-1 6 -1 Give B1 for M =P DP
=1 0 1||0 -1 0|1 -8 2
31 2)l0 0 3){1 -5 1
{2 1 12 {—1 6 -1
=1 0 3|1 -8 2
2 -1 4\(-1 6 -1
3 -1 6/)l1 -5 1
orf1 0 1||-1 8 -2
31 2){3 -15 3
M1 Good attempt at multiplying two
11 -56 12 matrices (no more than 3
=2 -9 2 errors), leaving third matrix in
2 -4 1 A2 correct position
Give Al for five elements
correct
Correct M implies B2M1A2
5-8 elements correct implies
B2M1A1l
(iii) |Characteristic equation is B1 In any correct form
A-D(A1+)(A-3)=0 (Condone omission of =0)
13-312_243=0 M1 M sati_sfies the characteristic
Al equation
. , Correct expanded form
M*=3M"+M -3l (Condone omission of | )
M*=3M3+M?-3M M1
=3(38M%+M -31)+M?-3M Al

=10M?-9|
a=10, b=0, c=-9
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4 (1) | cosh? x=[1(e" +€7)]? =1 (e +2+e ) Bl
sinh®x=[1(e*-e )] =1(e*-2+e) B1
2 i A2
cosh® x—sinh® x=2(2+2) =1 Blag 3|For completion
OR
coshx+sinhx=21(e*+e™)+3(e*-e™)=€* Bl
coshx—sinhx=1(e*+e*)-3(e"—e*)=e™ Bl
cosh® x—sinh? x=e*xe* =1 B1 Completion
(i) | 41+ sinh? x) +9sinh x =13 M1 (MO for 1-sinh?x)
4sinh? x+9sinhx—-9=0 - .
_ M1 Obtaining a value for sinhx
sinhx=3, -3 A1A1
x=In2, In(~3++/10) AlA1ft | EXact logarithmic form Dep on
6 M1M1
Max Al if any extra values given
OR 2™ +9e¥ 226 -9e*+2=0
(2™ -3e"-2)(e”* +6€*~1) =0 M1 Quadratic and / or linear factors
M1 Obtaining a value for ¢*
=2, —3+410 AlA1 Ignore extra values
x=In2, In(-3+10) AlA1L ft Dependent on M1M1
Max Al if any extra values given
Just x=In2 earns
MOM21A1AO0AOAQ
| Y _gooshxsinh x+9coshx Bl Any correct form
(iii) X or y=(2sinhx+3)%+.. (-1
= cosh x(8sinh x+9) . .
. 9 Correctly showing there is only
=0 onlywhen sinhx=-¢ B1 one solution
cosh® x=1+(-2)* =15 M1 Exact evaluation of y or cosh? x
145 9, 17 or cosh2x .
y:4><a+9x(—§)——£ Al Give B2 (replacing M1AL1) for
4| —1.06 or better
In2
(iv) J (2+2cosh2x+9sinh x) dx M1 Expressing in integrable form
0
. In2
=[ 2x+sinh2x+9coshx |, A2 Give Al for two terms correct
:{2In2+;(4—ij+2(2+;j}—9 M1 sinh(2In2) =3 (4-%)
3 Must see both terms for M1
=2In2+— Al ag Must also see cosh(In2) =1 (2+3)

28
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””””” T
OR j (€ +2+e P +3(ef—7))dx M1 Expanded exponential form
0 - (MO if the 2 is omitted)
_| A2 152 9 9
—[ RS TS T T }0 A2 Give Al for three terms correct
1 9 11 9 9
:[2+2In2—§+9+zj—(§—5+5+5j M1 "2 _ 4 and e*2'"2:% both seen
=22+ Al ag Must also see
8 eIn2 =2and e—ln2 :%
for Al
5 (i) A=05 1=3 1-5
B1B1B1
3
(ii) | Ellipse B1
1
(iii) | y=v2cos(o-1r) M1 or V2sin(@+1r)
Maximum y=+2 when =1r Al ag
2
OR %:—sin0+cos49:0 when 6=1r M1
1,1 _
y= 2+ﬁ—ﬁ Al
(v) x2+y2:1200529—200595in9+/1—125in29
+cos? 6+ 2cosfsing+sin? o M1
2 i 2 1 i a2
=(A"+D)@-sin 9)+(?+l)sm o M1 Using cos?8 =1-sin?6
=1+/12+(i—/12)sin29
A2 Al ag
When sin?6=0, x®+y? =1+ A?
1 M1
When sin?6 =1, x2+y2:1+—2
_ _ A M1
Since 0<sin®@# <1, distance from O,
[2. 2 ’ 1 2
X“+y° , is between 1+/12 and 1+ 4 Al ag
6
(V) |When 1=1, x®+y?=2 M1
Curve is a circle (centre O) with radius /2 Al
2
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(vi)

B4

A, E at maximum distance
from O

C, G at minimum distance
from O

B, F are stationary points
D, H are on the x-axis

Give ¥2 mark for each point,
then round down

Special properties must be clear
from diagram, or stated

Max 3 if curve is not the correct
shape
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1|f(x) =cosx f(0)=1 M1 Derivatives cos, sin, cos, sin, cos
(a)(i) _
f'(x) = —sin x f'(0)=0
f"(x) = —cos x f"(0)=-1 Al Correct signs
f"'(x) = sin x f"(0)=0
f""(x) = cos x fr0)=1 Al Correct values. Dep on previous Al
= COSX= 1-Sx? 4Lyt Al(ag) |www
2 24 4
(i) cosx xsecx=1 El o0.e.
1 1 . . .
= (1—§X2+§X4J(1+axz+bx4) =1 M1 Multiply to obtain terms in x* and x*
1 1 1 Terms correct in any form
= 1+|a-=|xX*+|b-Za+—|x*=1
J{ ZJX J{ 2 " 24}( Al (may not be collected)
= a—lzo , b—£a+i:0
2 2
~ a- 1 B1 Correctly_obtamed by any method:
2 must not just be stated
b= % B1 Correctly obtained by any method
5
. X
(b)(i) y = arctan—
= Xx=atany M1 (a) tan y = and attempt to
differentiate both sides
dx _ 2 2 dy 1
= — =asec Al Orsecy —==
dy y y dx
dx
= & a(1 + tan’y) Al Use sec’y = 1 + tan’y o.e.
dy a
:> _—=
o A Al (ag) |www
SC1: Use derivative of arctan x and
Chain Rule (properly shown)
4
2 4 1 <P M1 arctan alone, or any tan substitution
i) (A dx =| —arctan— . L.
(iA) J24+x2 {2 2L Al %and g,or j%de without limits
= % Al Evaluated in terms of
3
1 1
2 g 2
i dx = dx ituti
(ii)(B) [1+4X2 Jl Fy M1 arctan alone, or any tan substitution
2 2
1
= [2arctan (2x) ], Al 2.and 2x, or [2de without limits
=7 Al Evaluated in terms of «t

19
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2 (i)|Modulus =1 Bl Must be separate
Argument = z B1 Accept 60°, 1.05°
3 2
(i [e- 2~ G2: A in first quadrant, argumentz%
. . B in second quadrant, same mod
B’ in fourth quadrant, same mod
Symmetry
© > G1: 3 points and at least 2 of above, or
el B, B’ on axes, or BOB' straight
- G2,1,0 line, or BOB' reflex
ir B1 Must be in required form
a=2e* (accept r =2, 0 = n/4)
arg b = T, M1 Rotate by adding (or subtracting) =/3 to
4 3 (or from) argument. Must be n/3
iz iz ALft Both. Ft value of r for a. Must be in
b=2ew, 2e® required form, but don’t penalise twice
5
JLAN _
(i) zf=(x/§e3j = (V2) e M1 (V2) =8 or %x6=27z seen
=8 Al (ag) |www
Others are re’ where r = /2 M1 “Add” %to argument more than once
_ 2t m o 27 Correct constant r and five values of 6.
and 6 = '3 0 3" Al Accept 0 in [0, 2x] or in degrees
" " (iv)
Gl 6 points on vertices of regular hexagon
) Gl Correctly positioned (2 roots on real
B axis). Ignore scales
SC1if GO and 5 points correctly plotted
6
(V) |w= g6 8 = Jae e = 2o ML (agw= 27
= \/E[COSE-F jsian
4 4
=1+j Al Or B2
Gl Same modulus as z;
3
6 iz \® 3jr i in
(V) |w” = [ﬁe“ ] =8¢’ M1 Or z% 2=8e ?
=-8j Al cao. Evaluated
2 18
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3@ | |
Region for (ii)
Gl r increasing with 0
Gl Correct for 0 < 6 < n/3 (ignore extra)
Gl Gradient less than 1 at O
(i1) | Area = il r2do = lazj‘tanz 0do M1 Integral expression involving tan’0
2 2
0 0
i Attempt to express tan®0 in terms of
= 1azj‘secza—ldﬁ M1 sec?0 P P
2 0
=-%¥[mn9—9ﬁ Al Mne—eandﬁmnso,%
1
=E¥Jr%j Al AQ if e.g. triangle — this answer
Gl Mark region on graph
(b)(i) | Characteristic equation is
(0.2—-2)(0.7-1)—-0.24=0 M1
= A-09.-01=0
= A=1-01 Al
Vth1x:]”(_OB QBJ[sz(Oj
03 -03){y) \0 (M —AD)x = x MO below
= -0.8x+08y=0,03x—03y=0 M1 At least one equation relating x and y
. . (1
= X-y=QE@HN%mrB(JO£ Al
When A =-0.1, 03 0.8](x = 0
03 08)ly) (o
= 0.3x+08y=0 M1 At least one equation relating x and y
. . [ 8 J Al
= eigenvector is 3 0.e.
. _(1 8 BO if Q is singular. Must label
(i) Q [1 —3} BIft correctly
1 0
D"(O _QL) Siﬂ If order consistent. Dep on B1B1

earned
17
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4 2y — X O\ TP X —-2X
@) cosh’ = [%(e +e )] =1(e™+2+e™)
sinhx = [2(e* —e X\ = 2(e? _ 242 Both expressions (_MO if no “middle”
[2 (e ¢ )J “(e e ) M1 term) and subtraction
cosh’x —sinh* = 1(2+2) =1 Al (ag) [www
__________________________________________________________________ 2
OR cosh x +sinh x = ¢*
cosh x —sinh x = e Both, and multiplication
cosh® — sinh® = e* x e*=1 Al Completion
2y — f k2 f
(i)(A) cosh x = Ji+sinh?x = J1+tan2y M1 Use of cosh“x = 1 + sinh“x and sinh x
=tany
=secy Al
= tanhx= mztaﬂzsiny Al(ag) Www
coshx secy 3
(i)(B) arsinh x = In(x + N ) M1 Attempt to use In form of arsinh
= arsinh(tany) = In(tany + \/1+tan’y) Al
= x=In(tany +secy) Al (ag) |www
3
. et —e*
OR sinhx=tany = =tany
= e¥-2e"tany-1=0 M1 Arrange as quadratic and solve fore*
= e=tany+ Jtan’y+1 Al 0.e.
= Xx=In(tany +secy) Al WWwW
(b)(i) y =artanhx = x =tanhy M1 tanh y = and attempt to differentiate
dx _ 2 2, dy
= —=sech Orsechy —==1
dy y y dx
dy 1 1 1
:> —_— = =
dx sech’y 1-tanh’y 1-x° Al Or B2 for —x? www
1
Integral = [artanh x]2, M1 artanh or any tanh substitution
2
=2 artanh1 Al (ag) | www
2 4
. 1 1 __A B
(i1 1-x* (1-x)(1+x) 1-x 1+x
_ B Correct form of partial fractions and
= 1=Al+X) +B(1-X) M1 attempt to evaluate constants
= A=%B=% Al
1 1 1
= dx = |2 2 d i
jl_xz X J.l—x+1+x X M1 Log integrals
www. Condone omitted modulus
= _1nl=xl+1Inh or LinlEx+co.e. signs and constant
tInfL=x+3InfL+x|+cor finf+e Al After 0 scored, SC1 for correct
answer
4
1
21 3 Substitution of ¥ and % seen
dx=|-2Inl—x|+<Infl 2 =In3
(iff) 7j11—x2 x=[-3mnfL-d+30n] +X|]—§ M1 anywhere (or correct use of 0, %2)
2
1 1_1
= 2artanh5= In3:>artanh5=zln3 Al (ag) |www

18
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5@) =7v
Gl Symmetry in horizontal axis
G1 (3,0)t0 (0,0)
2 Gl (0,0)to (0, 1)
3
(iD(A)|a>05 Bl
a<-05 B1
(if)(B) | Circle: r is constant B1 Shape and reason
(ii)(C) | The two loops get closer together Bl
The shape becomes more nearly circular Bl
(ii)(D) |Cusp Bl
a=-05 B1
7
(iii)|1+2acos0=0=cos 0 = _2_1a Bl Equation
Ifa>05-1< _2_1a < 0 and there are two values
of 6in [0, 2x],
T — arccos (ij and & + arccos (ij M1
2a 2a
These differ by 2 arccos (Ziaj Al (ag)
1 M1 Relating arccos to arctan by triangle
arccos (—j = arctan+/4a’ -1 or tan® = sec?0 — 1
2a
Al
Tangents are y = x+/4a* -1 Al
and y = —x+/4a% -1 Alft Negative of above
V4a® -1 isreal fora>05ifa>0 El

18
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@)

XX X3

4 5
In1 +x) = x— XX X
2 3 4 5

2 X x* X

Series for In(1 — x) as far as x°

IN1l-X)= x——-"—-"—— —.. B1 .
2 3 4 5 S.0.l.
1 . .
In(lt—xj =In(1 +x)—In(1-x) M1 Seeing series subtracted
3 5
= 2x+2i+2i... Al
3 5
Valid for-1<x<1 B1 Inequalities must be strict
4
1+x
Gy X g
(i)
= 1+x=3(1-x)
= 1+x=3-3x M1 Correct method of solution
= 4x=2
= X= % Al B2 for x = % stated
1 2 (1Y 2 (1Y Substituting their x into their
In 3= 2X*+*X(EJ +gx(§j series in (a) (i), even if outside
M1 range of validity.
Series must have at least two
terms
-1 1 1 SR: if >3 correct terms seen in (i),
12 80 allow a better answer to 3 d.p.
=1.096 (3d.p.) Al Must be 3 decimal places
(b)(i)
r(0) = a, r(m/2) = a/2 indicated
Gl Symmetry in 6 = 11/2
Gl Correct basic shape: flat at 6 =
Gl /2, not vertical or horizontal at
ends, no dimple
Ignore beyond 0 <6<
(i)|r+y=r+rsiné M1 Usingy =rsin 6
=rl+sinf) = —> _x(1+sin6)
1+sin@
=a Al (ag)
= r=a-y
2 o 2 M1 UsingrP=x*+y’inr+y=a
= Xty =(a-y) Al Unsimplified
= x2+y?’=a’-2ay+y?
= 2ay= a?—x? Al A correct final answer, not
spoiled
a’-x?
= ¥= 2a

16
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3-1 1 -2
2(@)|M-A= 0 -1-2 0
2 0 1-1
_ Attempt at det(M — Al) with all
Ete)\t)(]M —A)=E-AEL-AHA - A1+ 2021y elements present. Allow sign
errors
Unsimplified. Allow signs
=(3- -1)+4(-1- reversed. Condone omission of =
(B-ANA-1) +4(-1-A) Al d. Cond ission of
0
= AN-30+3)1+7=0
detM =-7 B1
(i) [f(A)=A =34 +34+7
_ _ . Showing —1 satisfies a correct
f(-1)=-1-3-3+7=0=-1eigenvalue |B1 characteristic equation
fFA=(A+1DAN—4A+7) M1 Obtaining quadratic factor
N —4A+7=(A-2)2+3=3so0noreal roots |Al WwWw
M=-ADs=0,A=-1 (M = ADs = (A)s MO below
4 1 -2)\(x 0
= 00 O0fjyl=|0
2 0 2)\z 0
= 4x+y-2z=0 Obtaining equations relating x, y
M1
2x+2z2=0 and z
X =7 Obtaining equations relating two
= B _ _ M1 variables to a third. Dep. on first
y=2z-4x=2z+4z=62z M1
= s=16 Al Or any non-zero multiple
1
3 1 -2)\x
0 -1 0 M1 Solution by any method, e.g. use
B y of multiple of s, but MO if s itself
2 0 1)(z quoted without further work
= 0.1,y=-0.6,z=-0.1 A2 Give Al if any two correct
(i) C-H: a matrix satisfies its own characteristic B1 Idea of A < M
equation
= M*-3M?+3M+71=0
3 Ang2 Must be derived www. Condone
= M'=3M"-3M-7I B1 (ag) omitted |
= M?*=3M-3l-7M* M1 Multiplying by M™
= M'=-iM?+3M ¢ Al o.e.
3 1 2)(3 1 =2 5 2 -8
(iv)|[M*=|0 -1 0|0 -1 0|=[0 1 0 M1 Correct attempt to find M?
2 0 1){2 0 1 8 2 -3
1 5 -8 31 -2 3 1 00
-3 0 0|+=|0 -1 0 - 010 M1 Using their (i)
8 -3 2 0 1 0 01
1102 L 1 1 2
=10 -1 0jor = 0 -7 0 Al SC1 for answer without working
—_2 _2 3 -2 -2 3
7 7 7
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-1 0
OR Matrix of cofactors: | -1 7 2 M1 Finding at least four cofactors
-2 0 -3
Adjugate matrix | 0 7 0 |:detM=-7 M1 Transppsmg and dividing by
5o determinant. Dep. on M1 above
3 19
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3(a)()
B Gl Correct basic shape (positive
gradient, through (0, 0))
y = arcsin X = siny = x M1 sin 'y = and attempt to diff. both
sides
dx dy
= - =cos Orcosy ==1
dy Y Al Y i
- &_ 1 1 Al www. SC1 if quoted without
dx cosy 1—x2 working
Positive square root because gradient B1 Dep. on graph of an increasing
positive function
M1 arcsin function alone, or any sine
N . ' substitution
(i) j dx =| arcsin—= y
0V2-x V2], Al ~,or jlde www without limits
5
= % Al Evaluated in terms of
1Q — a0 4 1,30 , 1,5)0 i H 1
®) C+jS=e+ie+ie®+.. M1 Forming C + |S as a series of
powers
Identifying geometric series and
This is a geometric series M1 attempting sum to infinity or to n
terms
with first term a = e/, common ratio r = 1’ |Al Correcta and r
e a elf 3e’ o
Sum to infinity = r =1_%W (= m) Al Sum to infinity
Multiplying numerator and
3l 3_g2l0 denominator by 1-1e?” o.e.
= 3o 3 g M1* Or writing in terms of trig
functions and realising the
denominator
93 M1 Multiplying out numerator and
9_3e219 _3p2i0 11 denominator. Dep. on M1*
Valid attempt to express in terms
o o of trig functions. If trig functions
_ _ 9(cos@+ jsing)—3(cos6— jsin6) M1 used from start, M1 for using the
10-3(cos26 - jsin 26)—3(cos 26 + jsin 26) compound angle formulae and
Pythagoras
Dep. on M1*
_ 6c0os@+12jsiné
10-6co0s26 Al
~ C= 6cos @ Equating real and imaginary
10—6¢0526 M1 parts.

Dep. on M1*

27

PMT



4756 Mark Scheme June 2009
_ 3coséd
"~ 5-3c0s26 Al (a0)
_ 6sing
~ 5-3c0s26 Al 0-e.
11 19
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4 (i)|coshu = etre
2u —2u
= 2cosh?u= % B1 (e +e™ )2 e 42+e®
2u -2u 2u —2u
— 2coshfu—-1= £ J;e B1 cosh2u= & *°
= cosh 2u Bl (ag) |Completion www
(ii)|x = arsinh 'y
= sinhx=y
gt —g Expressing y in exponential form
= Y M1 1, —must be correct)
= e*-2ye"-1=0
= (€-y’-y"-1=0
= (e-y)’=y’+1
= e'-y= 14y’ +1
— e=v+vi+l Reaching e by quadratic formula
Yy M1 or completing the square.
Condone no +
Take + because >0 B1 Or argument of In must be
positive
— x=In(v +Jv+1 Completion www but
v+ et) Al (ag) independent of B1
dx 9 and substituting for all
(iii) | x = 2 sinh u = =2 cosh u M1 au 9
elements
I\/X2+4 dx=j\/4sinh2u+4><2coshu du Al Substituting for all elements
correctly
= [4cosh®u du
= [2cosh2u+2du M1 Simplifying to an integrable form
Any form, e.g. 1e* -1e® +2u
=sinh2u+2u+c Al Condone omission of + ¢
throughout
=2sinhucoshu+2u+c
5 Using double “angle” formula and
= X, {1+X— +2arsinhX + ¢ M1 attempt to express cosh u in
4 2 terms of x
= %x\/4+x2 +2 arsinhg +cC Al (ag) |Completion www
(iv)[P+2t+5=(t+1)°+4 Bl Completing the square
1 1
[V +2t+5dt=[{(t+1)" +4 dt
-1 -1
Simplifying to an integrable form,
2 M1 by substituting x =t + 1 s.0.i. or
= [Vx* +4 dx complete alternative method
0 Al Correct limits consistent with
their method seen anywhere
2
= E xv4+x® + 2arsinh ﬂ
0
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V8 +2arsinh 1

242+2In(1+ +/2)
=2(In(L + V2) + J2)

M1

Al (ag)

Using (iii) or otherwise reaching

the result of integration, and
using limits

Completion www.
Condone /8 etc.

18

30

PMT



4756 Mark Scheme June 2009
5()|Ifa=1, angle OCP = 45°
so P is (1 — cos 45°, sin 45°) M1
1 1
= PQ-—+, Al (a Completion www
IR A 2g) |Completion www
OR Circle (x—1)?+y?=1,liney=—x+1
(X—1)2+ (x+1)?=1 M1 Complete algebraic method to
find x
= leiizandhenceP Al
_________________ e
1+ =, -
Q( N AN ) B1
3
. —_ a Attempt to find cos OCP and sin
cos OCP =
(il Tl M1 OCP in terms of a
. 1
sin OCP = Al Both correct
Na®+1
P is (a—a cos OCP, a sin OCP)
= Pla- ——, ——) Al (ag) |Completion www
OR Circle (x—a)®+y?=a? liney = N
a
2 .
(X —a)? + i) =22 M1 Complete algebraic method to
a find x
2
2a+2i\/(2a+2) —4[1+i2j
-~ x= a a a Al Unsimplified
2(1+i2j
a
2
= Xx=az —— and hence P Al
YA
a’ a
Qat——,———) B1
a“+ a“+1
4
(iii)
Locus of P (1 & 3" quadrants)
Gl through (0, 0)
Locus of P terminates at (0, 1)
T G1 Locus of P: fully correct shape
/. G1 Locus of Q (2" & 4™ quadrants:
G1ft dotted) reflection of locus of P in
. y-axis
Asa— =, P—(0,1) Bl Stated separately
As a — —, y co-ordinate of P — -1 Bl Stated
& L2 _ lasa——w M1 Attempt to considery as a — —
Jaz+1 —a Al Completion www
8
(iv)|POQ = 90° B1
Angle in semicircle B1 o.e.
Loci cross at 90° B1
3 18
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1(a) y = arctan v/'x
u=+/x,y=arctanu
L du_ 1 dy_ 1
dx 2x du 1+u®
- dy 1 o1 M1 Using Chain Rule
dx  1+u? 2x Al Correct derivative in any form
1 1 1
= X = . . .
1+ x 29 2\&(“1) Al Correct derivative in terms of x
OR tany=+/x
N seczyd—yz 1 M1A1 R_earrang_ing fo_r\/;or_ xand
dx  2Jx differentiating implicitly
sec’y=1+tany=1+x
dy 1
= —=— Al
dx  2v/x(x+1)
T T e~
M1
N j 1 dx — [ »arctan */ﬂ Integral in form k arctan~/x
2 VX (x+1) . Al |k=2
=2arctan1—2arctan 0
—ox .7 Al (a
15 (ag)
(b)(i) X=rcos0,y=rsin@, x’+y =r° M1 Using at least one of these
X +y'=xy+1
s o i Al LHS
= r'=rcosfsinfg+1 Al RHS
= r=%r’sin20+1
= 2r’=r’sin20+2
= r’(2-sin20)=2
5 Clearly obtained
= r2:2 ey Al (ag) [SR:x=rsin6,y=r cos 6 used
-sin M1A1A0AQ max.
4
(i) | Max r isv/2 B1
Occurs when sin 26 = 1 M1 Attempting to solve
_7m 57 Both. Accept degrees.
==, 22 Al , .
4 4 AQO if extras in range
Minr = \E B1 ﬁ
3 3
Occurs when sin 26 = -1 M1 Attempting to solve (must be —1)
L, g=37 17 Al Both. Accept degrees.
4’ 4 AO if extras in range

24

PMT



4756 Mark Scheme January 2010
(iii) -
- AN
. 3
/,/ /’\
// !
‘ : - Gl Closed curve, roughly elliptical, with
\\\ ——— no points or dents
- Gl Major axis along y = x
2 18
2 (a)[cos 50 + j sin 50 = (cos O + j sin 0)° M1 Using de Moivre
=c0s°0 + 5 co0s0 j sin 6 + 10 cos®0 j° sin’0
+10c0s°0 j° sin®0 + 5 cos 0 j* sin*0 + j° sin°0 | M1 Using binomial theorem appropriately
= 05’0 — 10c0s®0 sin%0 + 5 cos O sin*0 +j(...)  |Al Correct real part. Must evaluate
powers of j
cos 50 = c0s°0 — 10c0s°0 sin®0 + 5 cos 0 sin*0 M1 Equating real parts
= ¢0s°0 — 10c0s°0(1-c0s’0) + 5 cos 6(1—cos’0)* | M1 Replacing sin’0 by 1 — cos’0
= 16c0s°0 — 20c0s°0 + 5 cos 0 Al a=16,b=-20,c=5
6
(b)|C+]jS M1 Forming series C + jS as exponentials
. j(e+2l] i[9+(2n;2)”J i
=eP+e' "+..+e Al Need not see whole series
This is 2 G.P. M1 ét'lgemptmg to sum finite or infinite
, 27 Al Correct a, r used or stated, and n terms
a=e’, r=er Must see j
el [1—(ej2"”] J
Al
sSum= ——————~
1-g'n
Numerator = e” (1-¢*”) and e*” =1
sosum=0 El Convincing explanation that sum =0
= C=0andS=0 El C =S=0. Dep. on previous E1
Both E marks dep. on 5 marks above
7
()| & ~1+t+1t? Bl Ignore terms in higher powers
t _t M1 Substituting Maclaurin series
e -1 t+it? Al
t = 1 —(1+it) =1Lt M1 Suitable manipulation and use of
L binomialtheorem =~ |
_1 _1
OR 1l _ 1l ><1 it:1 12t2 M1
1+5t 1+5t 1-5t 1-:t
t
Hence Ezl—%t Al (ag)
OR (e'-1)(1-1t)=(t+it’+..)(1-1t) M1 Substituting Maclaurin series
Al Correct expression
~t+termsin t® M1 Multiplying out
= ﬁ ~1-1t Al Convincing explanation
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3 (i) M1 Evaluating determinant
2 -2-2a 2+a Al 4-a
Mic L o o 33 24-2 M1 F!ndl_ng at least four cofactors
4-a 1 . 3 Al Six signed cofactors correct
- a M1 Transposing and dividing by det
2 0 1 _
Whena=-1, M I Al M correct (in terms of a) and result
5 for a = —1 stated
-1 5 -3
SR: After 0 scored, SC1 for M* when
a =—1, obtained correctly with some
working
6
@iy | (x 2 0 1)-2
y Yo s Ll M2 Attempting to multiply (-2 b 1)" by
; 5 15 -3all1 given matrix (MO if wrong order)
M1 Multiplying out
= X= ——,Y‘b—g,2=b—% A2 Al for one correct
OR 4x+y=b-4 [
Xx—-y=1-b oe. M1 Eliminating one unknown in 2 ways
Oreg.3x+z=b-2,5x=-3
Oreg.3y—-4z=—-b—-4,5y-52=—-7
M1 Solve to obtain one value.
Dep. on M1 above
_ 3 One unknown correct
= XT3 Al After MO, SC1 for value of x
M1 Finding the other two unknowns
= y=b—§, Z=b—% Al Both correct
. - S R .
(iii)|e.g. 3x—3y=2b+2 M1 Eliminating one unknown in 2 ways
5x—by=4 AlAl |Two correct equations

Oreg.3x+6z=b—-2,5x+ 10z =-3
Oreg.3y+6z=-b—-4,5y+10z=—7

Consistent if 20+2 :% M1 Attempting to find b

- p=1 Al

5
Solution is a line B2

18
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2
. X —x ex _e—x
4 (i) | sinh x = = sinh® = ( )
2X —2X
= & —2+e B1 e —2+e ™
4
2
— 2sinhx+1=° 22+e 1
2X —2X
= £ J;e = cosh 2x Bl Correct completion
= 2 sinh 2x = 4 sinh x cosh x Bl Both correct derivatives
= sinh 2x = 2 sinh x cosh x Bl Correct completion
4
(i) 2 cosh 2x + 3sinhx =3
= 2(1+2sinh’*) + 3sinhx=3 M1 Using identity
= 4sinh>+3sinhx—-1=0 Al Correct quadratic
= (4sinhx—1)(sinhx+1)=0 M1 Solving quadratic
= sinhx=%, -1 Al Both
M1 Use of arsinh x = In(x++/x* +1) 0.e.
Must obtain at least one value of x
. 1
= x=arsinh(¥) = In( +\/7 Al Must evaluate v/x* +1
x = arsinh(-1) = In(—1+f) Al
OR 2¢+3e™ 6™ —3*+2=0 | |
= (26" -e"-2)(e” +2¢"-1)=0 M1Al Factorising quartic
= &= 1i;/ﬁ or-1++/2 M1A1l Solving either quadratic
= In(1+\/_) or In( 1+\/_) M1A1Al Using In (dependent on first M1)
I i B S o
t —t
Gii)| cosht=> = &*& 5
4 2 4
= 2e"-5"'+2=0 M1 Forming quadratic ine'
= (2¢'-1)(e'-2)=0 M1 Solving quadratic
= ¢ 23, Al
2
= t=%In2 Al (ag) | Convincing working
5 5
J' 1 dx = {arcosh 5} B1
4 x* -16 4 4
= arcosh%— arcosh 1 M1 Substituting limits
=In2 Al AQ for £In 2
e e e e e ]
OR I 1 4 [In(x+\/x2—16)] B1
2 x> -16 4
=In8—-1In4 M1 Substituting limits
_..zn2 AL . .
7 18

27

PMT



4756 Mark Scheme January 2010
5 (i) |[Horz. projection of QP =k cos 0 Bl
Vert. projection of QP =k sin 6 B1
Subtract OQ = tan 0 Bl Clearly obtained
(i) (k=2 k=1
\ \
\ \
ATTITIN \\\
LT /% 3 T
/ ,//
/ /
I Gl Loop
HH «‘/ Gl Cusp
k=% k=-1
N|
L {
y \ Gl
1|6l
(ii))(A) for all k, y axis is an asymptote Bl Both
(B)|k=1 B1
©)k>1 B1
(iv) | Crosses itself at (1, 0)
k=2=c0s0=%=0=60° M1 Obtaining a value of 6
= curve crosses itself at 120° Al Accept 240°
(V) y=8sin6—tan 0
— B —8cos-sec?o
deo
= 8cos0— Lzz 0 at highest point
0s° 6
oS0 = f o cosf =+t 0=60°at top M1 Complete method giving 6
8 2 Al
= X=4
y=3J3 Al Both
2
(Vi)|RHS = w(kz —k? cos® 9) M1 Expressing one side in terms of 0
k?cos® 0
kcos6—1)°
- (KeosO-1) e ginto
k*cos“ 0
= (kcos6-1)"tan? 0 M1 Using trig identities
= ((kcosb—1)tan0)’
= (ksin6—tan6)’ = LHS El

18
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1 (a)(i) f(t) =arcsin t
, 1
= f (t) = L t2 = (1—t2) 2 Bl Any form
_3
= f"t)= _%(1—t2)  x—2t M1 Using Chain Rule
_ t
- F] Al (a
(1—t2 )2 (ag)
(i) f (x) = arcsin (X + %2)
= f(0) = arcsin () :% Bl (ag) % obtained clearly from f (0) www
f1(0) = (1_(1)2); -2 M1 Clear substitution of x=0o0rt="1%
2 3 Al (ag)
1
and f"(0)= 2= 3
1\2\2 9
[:-(3)')
X2 : .
f(x)=f(0)+xf'(0) + 7f "(0) + ... M1 Evaluating f "(0) and dividing by 2
= terminxis %xz Al Accept 0.385x or better
(b) —
/ N
[ ! G1 Complete spiral with r(2m) < r(0)
v ) G1 r(0) = a, r(2n) = a/3 indicated
‘ J or r(0) > r(n/2) > r(m) > r(3n/2) > r(2m)
- Dep. on G1 above
Max. G1 if not fully correct
T
Area = j%rzde
0
z 2,2 2.2 7%
a a 1
= .[ il >-do = il J. >do M1 Integral expression involving r?
2 2(7+8) 2 o(r+0)
gkt a1 T AL Correct result of integration with correct
2 |z+6], limits
2 2 Substituting limits into an expression of
_rrat(-1 1 M1 K
T o\l the form 5 Dep. on M1 above
— 2
= L7a Al
3 1 ~ 1% 1 1 ]2 M1 arctan
© Ig+4x2 dx= Zj§+x2 dx = ZX Earctan— 1 2 %
0 04 AlAl —x—and —
4 3 3
= %arctan 1 M1 Substituting limits. Dep. on M1 above
= 2—”4 Al Evaluated in terms of ©

19
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no 1 no 1 -
2(@)| z' +—=2cosnd, z' ——=2jsinnd Bl Both
z" z"
1y 10 5 1 1y
(z——] =2 -52 +102-—+— - M1 Expanding (z——)
z z 77 2 z
=2 —%—5(23 —%)+10(z—£]
z Z z
M1 Introducing sines (and possibly cosines)
= 32j sin® = 2j sin 50 — 10j sin 30 + 20j sin 0 of multiple angles
Al RHS
= sin°0 = -Lsin50 —3sin 30 +3sin Alft Division by 32(j)
-5 — 5 -1
A=5,B=-3%,C=5
(b)(i) | 4" roots of ~9j =9e*" ! are rel’ where
=3 Bl Accept9*
0 3z B1
8
_3r  2kx Implied by at least two correct (ft)
g="24227 M1
8 4 further values
gtz Ur 157 AL Or stating k= (0), 1, 2, 3
8' 8 ' 8 Allow arguments inrange t<06<n
:
5 -
| O |
-2 2
M1 Points at vertices of a square centre O
- or 3 correct points (ft)
B or 1 point in each quadrant
-2 Al
(ii) | Mid-point of SP has argument % B1
3
and modulus of \E B1
Argument of w =4 x r-Z
8 2
4 M1 Multiplying argument by 4 and modulus
3 9 .
and modulus=| ,[— | =— raised to power of 4
2 4 Al Both correct
Gl w plotted on imag. axis above level of P

16
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3@)31) |22 +2* 130 +6=0= (A—2)(2A2+51L—3) =0 B1 Substituting A = 2 or factorising
= A=20r222+5L-3=0 M1 Obtaining and solving a quadratic
= (@ -1)(H+3)=0
= A=¥%,A=-3 AlAl
(i M J B1
M2y =22y =4| 1= B2 Give B1 for one component with the
L . wrong sign
3 3
3 3
z 2 (3 . o
M _o|l_3 -3 M1 Recognising that the solution is a
2 12 multiple of the given RHS
2 2
-3 -_3 =1 i
= X=35,y=-3,2=3% Al Correct multiple
(iii) 22 +22-13L+6=0
= 2M*+M?-13M +61 =0 M1 Using Cayley-Hamilton Theorem
= M’=-IM*+8Mm -3
= M'=-iM*+ZM?-3Mm M1 Multiplying by M
= M'=-1(-iM*+¥M-31)+EM*-3M M1 Substituting for M*
= M4:%M2-EM+E| Al
- 27 -3
A= 4 =-2 C )
(b) [N =PDP? B1 Order must be correct
where D = 10 B1
0 2
1 -1 _
and P= ) 1 B1 For B1B1, order must be consistent
pr=lft ! B1ft Ft their P
= =—
32 1 eir
1(1 -1)(-1 0)(1 1
= =—
312 1 0 2)\-21
o | M1 Attempting matrix product
"3l 2l 1 empting matrix produc
Al

ol oHE o)

a c
OR LetN:( j

1 1
=— B1

> ()

-1

b alG)-o) &
= a+2c=-1,-a+c=-2 Bl
b+2d=-2,-b+d=2 B1
a=lc=-1,b=-2d=0_ M1A1

Solving both pairs of equations |
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4(i)| 2 sinh x cosh x
. _e+e* e -e*
=2 X X
2 2
e g M1 Using exponential definitions and
B 2 multiplying or factorising
=sinh 2x Al (ag)
Differentiating,
2 cosh 2x = 2 cosh?x + 2 sinh? B1 One side correct
= cosh 2x = cosh®x + sinh’x B1 Correct completion
(i) :
\\ /,’
\ /
/
\\\ //
T Gl Correct shape and through origin
2
Volume :ﬂj(COSh x—1)2 dx M1 J.(cosh x—1)2 dx
0
2 A correct expanded integral expression
:7z‘[cosh2 X—2cosh x+1dx Al including limits 0, 2 (may be implied by
0 later work)
2 - - -
- ﬁjicosh 25— 2cosh x+ 3 dx M1 Attempting to obtain an integrable form
. 2 2 Dep. on M1 above
= ﬁ[%sinh 2x—2sinh x+3 x]z A2 Give Al for two terms correct
= 7| Lsinh4—2sinh 2+3]
=8.070 Al 3 d.p. required. Condone 8.07
(iii) y = cosh 2x + sinh x
= & 2 sinh 2x + cosh x Bl Any correct form
At S.P. 2 sinh 2x + cosh x=0
4 sinh x cosh x + cosh x= 0 M1 Setting derivative equal to zero and
= B using identity
= cosh x(4sinhx+1)=0 M1 Solving ;ﬂ =0 to obtain value of sinh x
X
= cosh x =0 (rejected) Al Repudiating cosh x=0
= sinhx= -2 Al
M1 Using log form of arsinh, or setting up
1 17
= X= In(——+£j and solving quadratic in €"
4 4 Al A0 if extra “roots” quoted
18
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5())(A) B1
(B)
Gl Sketch of circle, centre (0, 0)
Gl Sketch of “squarer” circle on same axes
(C) | Square B1
(D)|-1<x<1 Bl Give B1BO for not all non-strict or
-1<y<1 Bl unclear
(ii)(A) | Odd roots exist for all real numbers Bl Any equivalent explanation
(B) | Line Bl Sketch insufficient
©) \
i wﬁf’“\\
|
|
\
\
\\ G1
Asymptote: x+y=0 Bl
©)| T
N\
\ Gl Line x + y = 0 outside unit square
N G1 Linesy=1and x =1 on unit square
(iii)
\
; Gl GO if curve beyond (1, 0) or (0, 1)
0<x y<1 B1 Accept strict, or indication on graph
(iv)(A) ]
SN
.
\\ /
\\ /’
\ 5/ G2ft Give G1 for a partial attempt. Ft from
N (iii) on shape
(B) | Limit is a “plus sign” Bl
where x — 0 for -1 <y <1 and vice versa Bl
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1 (a)(i) X=rcosf,y=rsinf, x*+y =r M1 Using at least one of these
r = 2(cos 4 + sin 6)
= r?=2r(cos 0 + sin 0)
= X+y=2x+2y Al (ag) Working must be convincing
= X-2x+y*-2y=0
= (x-1P+(y-1°=2
which is a circle centre (1, 1) radius+/2 M1 Recognise as circle or appropriate
algebra leadingto (x —a) + (y—b) =r
2
1
Gl Attempt at complete circle with centre in
first quadrant
Gl A circle with centre and radius indicated,
3 or centre (1, 1) indicated and passing
through (0, 0), or (2, 0) and (0, 2)
indicated and passing through (0, 0)
(ii) | Area =1 [*r*do
x - - - 2 -
- ZIZ (cos@+sin 9)2 40 M1 Integral expression involving r- in terms
0 of
:ij(cosz9+23im90059+sin26)d49 M1 Multiplying out
= ij(1+ 2sin@cosd)do Al cos?4 + sin’ = 1 used
z . z Correct result of integration with correct
_ _1 2 2
- 2[‘9 2 C0S 29]0 or 2[¢9+sm 0]0 etc. A2 limits. Give Al for one error
= 2((% + %)— (O —%)) M1 Substituting limits. Dep. on both M1s
=7+2 Al Mark final answer
o)y | F00=1— 2 M1 Using Chain Rule
(1+3x7) 4+x° Al Correct derivative in any form
i) | £'(x) = %(1+%x2)_1 =1(1-1x + 4% ) M1 Correctly using binomial expansion
=1-1x*+1x'- Al Correct expansion
—~f (X):%X—z—ﬁxs X ke ,lell Integrating at least two terms
But ¢ = 0 because arctan(0) =0 Al Independent
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2 (a)(i)|z"+z"=2cosnd Bl
7"-7"=2jsinng B1
2
(i)|@+z7° = +62"+157°+20+152°+62*+2° |M1 Expanding (z + 2 %)°
=2 +7%+6( + 7N +15(Z +779) + 20
H n N _ H —_
— 64 ¢0s°0 = 2 005 60 + 12 c0s 46 + 30 05 260 +20 | M1 ooz L if‘zzocrf]?tt”e%""e'tt? n=24or
= 05°0 = c0s 66 + 2 cos 40 + L cos 20 + £
= €0s°0 = %(cos 660+ 60s 40 +15¢0s 20 +10) Al (ag)
3
(iii)|z-7)°=+7°-6(*+7) +15(" +77) - 20 B1
6 M1 Using (i) as in part (ii)
= —64 sin°0 = 2 cos 66 — 12 cos 46 + 30 cos 26 — 20 Al Correct expression in any form
= —sin’) =L cos 66 — 2 c0s 40 + & cos 20 — =
— c0s%0 — sin®o =1 c0s60 + 50526 /Il\/lll Attempting to add or subtract
OR cos?0=1(cos20+1) Bl Thisused '
16 cos*@ = 2 cos 40 + 8 cos 20 + 6 M1 Obtaining an expression for cos*0
= cos'0=1cos 40 +1 cos 20 + 3 Al Correct expression in any form
c0s%6 — sin°g = 2 cos°9 — 3 cos*@ + 3 cos?d — 1
= =4c0s60+1c0s26 M1A1l Attempting to add or subtract
L X - . ] R -
iz i(Zn Correctly manipulating modulus and
(0)(i) | 212 =8e * =21 =2/2e c j M1 argument
j77 1z Y4 .
- zﬁe]T Al J8, ?or—? . Condone r(c + js)
i j[z 41] M1 Correctly manipulating modulus and
7,°=8e3 = z,=2e'? 3 argument
j137 137 5z .
_ 2e]T Al 2, 5 or—? . Condone r(c + js)
w
Gl Moduli approximately correct
Gl Arguments approximately correct
Z1 ; Give G1GO for two points approximately
2 correct
6
iz j137
(i) | 122 = 2\/§e 6 x2e °
jf1z, 13 Correctly manipulating modulus and
= 42e [6 ° ) M1 argument
=4 \/Ee% Al Accept any equivalent form
Lies in second quadrant Al
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3()|det(M =)= (21 -V)[(B-N)(1L-1)+8] M1 Obtaining det(M — Al)
+4[2(1-A)-2] +5[8 + (3—-1)] Al Any correct form
= (1 -0 —4n+11) + 4(-2)0) +5(11 - 1)
= A3 +50% - 150+ 11-8L+55-5L=0 M1 Simplification
= A-5\2+28L-66=0 Al (ag) www, but condone omission of = 0
S 2 _ Factorising and obtaining a quadratic.
(i) | A"~ 51"+ 261 - 66 =0 M1 If MO, give B1 for substituting A = 3
= M-3)(*-2L+22)=0 Al Correct quadratic
A2—2)L+22=0=b’-4ac=-84 M1 Considering discriminant o.e.
so no other real eigenvalues Al Conclusion from correct evidence www
-2 -4 5)(x 0
(ii)|A=3=|2 0 -2|yl|=|0
-1 4 2 0
= -2Xx-4y+52=0
2x—-22=0
—X+4y—-2z=0 M1 Two independent equations
= x=z=ky=2 M1 Obtaining a non-zero eigenvector
4
= eigenvector is | 3 Al
4
1 4
= eigenvector with unit length is v=—| 3 B1
’ ) J1
4
Magnitude of M"v is 3" B1 Must be a magnitude
(iv) [ 23— 5)° +28L— 66 =0
= M*-5M?+28M - 661 =0 M1 Use of Cayley-Hamilton Theorem
= M?-5M +281-66M"'=0
I M1 Multiplying by M™ and rearranging
=M= 66 (M"—5M +281) Al Must contain |
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4 (i) sinht+7cosht=8
= l(E-e)+7xi(E'+e)=8 M1 Substituting correct exponential forms
= 4e'+3e'=8
= 4e”-8e'+3=0 M1 Obtaining quadratic in €'
= (2¢'-1)(2¢'-3)=0 M1 Solving to obtain at least one value of '
= e=lor? AlAl Condone extra values
= t=In($)orin(2) Al These two values o.e. only. Exact form
(ii) % = 2 sinh 2x + 14 cosh 2x or 8e* + 6e ** B1
X
2 sinh 2x + 14 cosh 2x = 16 = sinh 2x + 7 cosh 2x = 8
—In(L 3 — 1l 1n(3 M1 Complete method to obtain an x value
= 2x=In(5)orin(3) =x=zIn(5)or 7 In(3) Al Both x co-ordinates in any exact form
x=1In(3)=>y=-4 (:In(3),—4)
x=1In(2)=>y=4 ($In(2). 4) B1 Both y co-ordinates
3—=0:>25inh2x+14cosh2x:0
X
= tanh2x=-7ore™=-2 etc. M1 Any complete method
No solutions because —1 < tanh 2x < 1 or &* > 0 etc. Al (ag) WwWw
40 T
20 T
(0.1)
Gl Curve (not st. line) with correct general
shape (positive gradient throughout)
Gl Curve through (0, 1). Dependent on last
G1
(iii) j:(cosh 2x+7sinh2x)dx = M1 Attempting integration
= [4sinh2x+Zcosh2x] =1 Al Correct result of integration
= (4sinh2a+Zcosh2a)-1=1
= sinh2a+7cosh2a=8
- - Using both limits and a complete method
= 2a=In(3)orin(3)=a=iIn(t)or tin(Z) [M1L o ob%ainavalue ol P
Must reject 1 In(1), but d not
— a=lln(2) (In()<0) Al ust reject 5 In(3 ), but reason need no

be given
18
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5 (i)

a=1

x

o

G1
31y
2
1
-6 ) \r 2 " X6
- G1
a=05
2 y
15
1
-6 -4 -2 2 4 XG
G1
M2 Evidence s.o.i. of further investigation
(A)|Loops whena>1 Al
(B) [Cusps whena =1 Al
(i) [ Ifx—> —x,t— -t M1 Considering effect on t
but y(—t) = y(t) Al (ag) Effectony
Curve is symmetrical in the y-axis Bl
(i) dy __asint M1 Using Chain Rule
dx 1+acost Al
%:O:asint:O:t:Oandtn Al Values of t
X
t=0=T.P.is(0,1-2a) Al
t=+n = T.P.are (xn, 1 + a) Al Both, in any form
(iv) |a=%: both t = Z and 3~ give the point (, 1) B1 (ag) Verification
Gradients are a and —a (or £ and — £ )
: )~ : M1 Complete method for angle
Hence angle is 2 arctan(5 ) =~ 2.01 radians AL Accept 115° (or 65°)
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June 2011

4756 (FP2) Further Methods for Advanced Mathematics

1
(@)
N\
Gl Correct general shape including
symmetry in vertical axis
G1 Correct form at O and no extra sections.
Dependent on first G1
For an otherwise correct curve with a
sharp point at the bottom, award G1G0
.. _ 1 22” . 2 - - - - 2
(ii) | Area =4 I(l—sm ) do M1 Integral expression involving (1 — sin )
0
1 .2 M1 Expanding
:Ea2 (1— 2sin @ +sin’ 9)d6’ Al Correct integral expression, incl. limits
0 (which may be implied by later work)
1,56(3 ., 1 L, 11
=—a '[ ——2sind—-=cos26 |dg M1 Usingsin® 8 = =——co0s 26
2 J\2 2 2 2
1213, 2coso-Lsin2o A2 Correct result of integration.
2 2 4 Give Al for one error
= gﬂaz Al Dependent on previous A2
P 1% 1 1 ) M1 arctan alone, or any tan substitution
b)) | [ ——dx==2 [ —— dx="[2arctan 2], L
5 1+4x 45 5+X 4 K Al 7 2and 2x
1 1_[_£j
2\ 4 4
= % Al Evaluated in terms of ©
(i) [x =5 tan 6 M1 Any tan substitution
= dx =1 sec’) d¢
I sec’ 0 1 sec® ¢
X, 4 A1A1 AR
-z (Secz 9)2 (Sec 6)
= j 1cos 6do
%2
) M1 Integrating a cos bé and using consistent
{1 . }4 limits. Dependent on M1 above
=|—=sind a
2 1 Alft 28 sinbe
b
=1 i_(_LJ
VARNY 2
1
=— Al
2
18
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2 (a) | cos 56 + j sin 50 = (cos 0 + j sin 0)°
= ¢® + 5¢%js — 10c%? — 10c?s® + 5cs* + js® M1 Expanding
M1 Separating real and imaginary parts.
Dependent on first M1
= c0s 50 = ¢® — 10c%? + 5¢cs* Al Alternative: 16¢® — 20c® + 5¢
sin 50 = 5¢*s — 10¢%° + §° Al Alternative: 16s° — 20s* + 5s
4o _ 203 | o5
— tan 50 = 5;: S 18025 +s4
¢’ —10c°s” + 5¢s
5t—10t° +t° . sing L
= M1 Using tan 6 =—— and simplifyin
1-10t* +5t* J cos @ plifying
t(t* -10t* +5
=(—+) Al (ag)
5t* —10t* +1
(b)(i) |arg(—4v2) =n
— fifth roots have r =+/2 Bl
and 6 =% B1 No credit for arguments in degrees
. .\ 27
1, 35, , Tin 9in M1 Adding (or subtracting) —
=z=+2e° 265 \J2e1" \2e5 , \f2e" 5
Al All correct. Allow —t<6<m
(ii)
B
\ A
C
] E
Gl Points at vertices of “regular” pentagon,
D with one on negative real axis
Gl Points correctly labelled
1(n 3r 2r
i) |argw) ==| =+ — |=— B1
(iii) |arg(w) 2(5 c ) c
_ n M1 Attempting to find length
= V2 cos 5 Alft F.t. (positive) r from (i)
x s T ! Zenj
(iv) [w=+/2 cos et =>w =(\/§cos§j e’
which is real if sin@:O:n:S B1
N Attempting the nth power of his modulus
|W5| = («/Ecos—j M1 in (iii), or attempting the modulus of the
5 nth power here
5
Al Accept 1.96 or better

= T
:>a:220055€
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3 (i) |det(M) = 1(16 — 12) + 1(20 — 18) + k(10 — 12) M1 Obtaining det(M) in terms of k
=6-2k Al
= noinverse if k=3 Al Accept k # 3 after correct determinant
Evaluating at least four cofactors
M1 : : . -
(including one involving k)
1 4 4+2k —6-4k AL Six signed cofactors correct
M S -2 4-3k 5k-6 (including one involving k)
6- 2 _5 9 M1 Transposing and dividing by det(M).
Dependent on previous M1M1
Al
1 -1 3)(-3 -3 M1 Setting k = 3 and multiplying
@)[(|5 4 6| 3|=|3
3 2 4)(1 1 Al
-3 ) ) -
(iii)| | 3 | is an eigenvector B1 For Cre‘{'}.t herg, 272 SFOE?d in (i)
1 Accept “invariant point
corresponding to an eigenvalue of 1 B1
(iv) | 3x + 6y =1 —2t, x + 2y = 2, 5x + 10y = —4t M1 \llivg)rlwslnatlng one variable in two different
(or9x+18z=4t+1,5x+10z=2t, x +2z=-1)
(or9y—9z=1-5t, 5y —52=-3t, 2y —22=13) Al Two correct equations
For solutions, 1 —2t=3 x 2 M1 Validly obtaining a value of t
=t= _E Al
2
M1 Obtaining general solution by setting one
X=hy=1-1X2z2=-1-2L unknown = A and finding other two in
Al terms of A (accept unknown instead of A)
Straight line B1 Accept “sheaf”. Independent of all

previous marks
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4 (i) |coshy = x = X =%(ey +e”) B1 Using correct exponential definition
=2x=¢e’+e”’
:(ey)2—2xey +1=0 M1 Obtaining quadratic ine’
Lo ox+JAxE —4 B x+\/ﬂ M1 Solving quadratic
2 B Al x£4x2 -1
=vy=In(x+Vx*-1)
(x+\/x2 —1)(x—\/x2 _1) -1 M1 Validly attempting to justify + in printed
answer
= y=#In(x+vx2-1) Al (ag)
arcosh(x) = In( x ++/x* —=1) because this is the a1 Reference to arcosh as a function, or
principal correctly to domains/ranges
value
7
1 1
1 1 1
i| | ———dx==| ——=0dx
ii
(i !\/25x2—16 5'!:w/x2—§‘;
1 5\ T M1 arcosh alone, or any cosh substitution
:—{arcosh (—ﬂ 1 5x
5 4 )1 AlAl -
: 5' 4
-1 arcosh > —arcosh (1)
5 4
1 (s 52 Substituting limits and using (i) correctly
=§|n Z+ (Zj -1|-0 M1 at any stage (or using limits of u in
logarithmic form). Dep. on first M1
zlIn 2 Al
B S (R
6 ! In(kx+\/k2x2+...)
OR :—{In(x+ /XZ__H M
25 s Give M1 for In(klx+./k22x2+...)
AlA In| x+ fxz—E 0.e
' 25 )
:—In§——ln—
5
==In2 A
______________________________________________________________________ S
(iii) | 5 cosh x — cosh 2x = 3
— 5 cosh x — (2 cosh’ — 1) = 3 M1 gcttce(l)w;ﬁt)l(ng to express cosh 2x in terms
= 2 cosh>—5 coshx +2=0
B o Solving quadratic to obtain at least one
= (2coshx—1)(coshx—2)=0 M1 real value of cosh x
= cosh x = 1 (rejected) Al Or factor 2 cosh x — 1
or cosh x =2 Al
:>x:In(2+J§) Alft F.t.coshx=k k>1
X = —In(2+\/§) or In(2—\/§) ALft F.t. other value. Max. A1AOQ if additional

real values quoted
18
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51M)|(A) m=1,n=1
0371y
05 1 Gl Negative parabola from (0,0) to (1,0),
symmetrical about x = 0.5
(Bym=2,n=2
017y
Gl Bell-shape from (0,0) to (1,0),
e — symmetrical about x = 0.5; flat ends,
' and obviously different to (A)
(C)m=2,n=4
0.03Ty
— -+ |Gl Skewed curve from (0,0) to (1,0),
' maximum to left of x =0.5
(D)m=4,n=2
0.03Ty
- - |Gl Skewed curve from (0,0) to (1,0),
' maximum to right of x = 0.5
(ii) | When m = n, the curve is symmetrical B1
Exchanging m and n reflects the curve Bl
(iii) | If m > n, the maximum is to the right of x = 0.5 B1 0.e.
As m increases relative to n, the maximum point moves Give B1BO if the idea is correct but
further to the right B1 vaguely expressed
Com nody - s n m n-1 M1 Using product rule
y=x"(1-x) ™ (L-x) =" (1-x) Al Any correct form
=x"(1-x)"" [m(l— X)— nx]
M1 Setting derivative = 0 and solving to
dy _ 0 = maximum at X = find a value of x other than 0 or 1
dx m+n Al

PMT



PMT

4756 Mark Scheme June 2011
(iv) | y'(0) = 0 provided m > 1 B1
y'(1) = 0 provided n > 1 Bl
(v) | For large m and n, the curve approaches the x-axis Bl : Comment on shape
= j[xm (1-x)"dx —>0asm, n— oo Bl Independent
0 2

(vi)|e.g. m=0.01,n=0.01
y
1

0.8

0.6

0.4

0.2

0.5 1

M1 Evidence of investigation s.0.i.
The curvetendstoy =1 Al Accept “three sides of (unit) square”
2 18
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Question Answer Marks Guidance
1| @ | (i) |[siny=x=cosy ji 1 M1 | Differentiating w.r.t. x ory % =Ccosy
d 1
@y_ Al
dx cosy
dy
dy 1 Completion www, but —=x or * not
- = —|_— I}
dx () 1—x2 Al(ag) independent of B1 dx - Vi- S
considered scores max. 3
. . L . Validly rejecting — sign. T K
Taking + sign because gradient is positive B1 Dependent on A1 above Or 5 <y< 5 =0<cosy<1
[4]
1 1 . .
.. 1 _ LX arcsin alone, or any appropriate
1| (@) | (i) | (A) J;—ﬂ dx{arcsm \/EL ML 1 cupstitution
AL arcsin—= or jldewww Condone omitted or incorrect
J2 limits
= % Al
[3]
(B)
j.\/1 2x? J%
M1 arcsin alone, or any appropriate
B [arcsm IX] substitution
T
Al and\/_x or —deww
L anavcor [
Using consistent I|m|ts in order _— 1
M1 | and evaluating in terms of 7. e.g. iz with sub. x = TSIH 0
Dependent on M1 above 2
=" Al
2\2
[4]
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Question Answer Marks Guidance
1 | (b) r=tané
— x=rcos@=3M0 s coso=sino M1 | Usingx =rcos 6 o.e.
cosé Al(ag)
o_ sin®0 _ sin0 _ x° M1 | Obtaining r in terms of x
cos’d 1-sin’0 1-x Al(ag)
2
22,2 2.2 X
rF=x"+y = x +y=
y y 1
X2 . .
= y?= - - X2 M1 | Obtaining y* in terms of x
—X
S x2—x2(1—x2)_ x4
y 1-x° 1-x°
X2
= y= i Al(ag) Ignore discussion of £
—X
Asymptote x = 1 B1 | Condone x =+1 x#1,x*=1B0
[7]
2 1@ | @) |2 +Zin =2cosné B1 Mark final answer
z" —in=stin né Bl Mark final answer
[2]
4 . . .
2 | @ | (i) z+l =z4+422+6+i+i=z4+i+4 zz+i +6 M1 Expanding by Binomial or
7 72 7 74 72 complete equivalent
Introducing cosines of multiple
= (2c0sf)* =2cos46+8cos20 +6 M1 angles Condone lost 2s
Al RHS correct Both As depend on both Ms
3 1 1
o) 31 1 Dividing both sides by 16 A=5B=3.C=3
= €0S"6 =—+—-C0s20 +—-Ccos4b Alft X ' i
g8 2 ) F.t. line above Give SC2 for fully correct
answer found “otherwise”
[4]
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Question Answer Marks Guidance
3 1 1 Using (ii), obtaining cos 46 and
2 | (a) | (iii) | cos*o =—+—(2cos2 9—1) +—cos46 M1 | expressing cos 24 in terms of Condone cos 26 = +1 + 2 cos’ 4
8 2 8 c0s2f
= cos'6 =cos’@-1+icosdd
= cos460=8cos'd —8cos’h +1 Al | ca.o.
[2]
iz ) .
2 | () | () |z=4e3 andw? =2z letw=re/ = w” =r%e*”’
= rP=4=r=2 B1 Condone r = +2
and 6 = E, 13 B1B1 | Or oz Award B2 fom(k +1j
6 6 6 6
4Ty
.z
21
Ignore annotations and scales
=Wy B1 Roots with approx. equal
| | | | moduli and approx. correct < nl4
4 2 2 a argument
SW, B1 | Dependent on first B1
zZ in correct position Modulus and argument bigger
[5]
ir im
2 | (b) | (i) | z=4e3 = 7"=4"¢e ® soreal if %n: n=>n=3 B1 Ignore other larger values
Imaginary if”—n=£+kﬂ:n:§+3k M1 cosﬁ—n=00r”—n=1...
3 2 2 3 3 2
which is not an integer for any k Al(ag) An ?‘Fgume“t Wh'c.h COVErs t_he
positive and negative im. axis
Wy = Ze% = w, :Be%ﬂ = 8] M1 | Attempting their w® in any form | Must deal with mod and arg
Tix 7in .
W, =2e 6 = w,°=8e 2 =-8§j Al |8}, -8j
[5]
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Question Answer Marks Guidance
(M det (M) =1(2a+8) —2(-2—12) + 3(2 - 3a) M1A1 | Obtaining det(M) in terms of a | Accept unsimplified
=42-Ta
= noinverseifa==6 Al Accept a # 6 after correct det
M1 At least 4 cofactors correct MO if more than 1 is multiplied
2a+8 -10 8-3a (including one involving a) by the corresponding element
a_ 1 Al Six signed cofactors correct
M- = 14 -7 -7 .
42-Ta M1 Transposing and + by det(M).
2-3a 8 a+2 Dependent on previous M1M1
Al Mark final answer
[7]
X 8 -10 8)\1 M1 | Substitutinga =0
1
i =—|14 -7 7| -2
(i) y 42 M1 Correct use of inverse One correct_elt_ament. .
7 2 8 211 Condone missing determinant
1 2 Dependent on both M marks. After MO, give SC2 for correct
=> X=—,y=—,7=—= A2 Give Al for one correct solution and SC1 for one correct
! 2 / SClforx=6,y=35z2=-2 Answers unsupported score 0
[4]
P e — o Eliminating one variable in two C10v —

(iii) e.g. 7x—10y =10, 7x —10y=3b — 2 M1 different ways Or7x—10y=2b+2
(ore.g.4x+52=54x+52=b+1) Or8x+10z=3b-2
(ore.g.8y+7z=-1,8y+7z2=3-h) Al Two correct equations Orley+14z=b-6
For solutions, 10 =3b — 2 M1 | Validly obtaining a value of b

____________ e S AL
OR A method leading to an equation | E.g. setting z = 0, augmented
from which b could be found matrix, adjoint matrix, etc.
A correct equation
____________ hEA S D
Obtaining general soln. by e.9. | Accept unknown instead of A
X=4,y=072-1,z=1-0841 M1 s_ettl_ngoneunknoyvn—/l and x=2A+2,y=4,2=-31 1
finding other two in terms of A K=5_55 ve_14 -1 7=
Al | Any correct form Ta A YT TEA T LT
Straight line B1 Accept “sheaf”, “pages of a Independent of all previous

marks. Ignore other comments
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Question Answer Marks Guidance
. . e' —e™ o, e —24e™ v\ o L . .
4 1 (i) sinhu= = sinh‘u :f B1 (e —e ) =e" -2+e Accept other or mixed variables
2u —2u 2u —2u 2u -2u
— 2sinhtu+1= 2 i—+e =8 *° Bl |coshou= & *&
= cosh 2u Bl Completion www
[3]
. _ _e'+e”’ Expressing u in exponential 1
4 | (i) Ifcoshy=u,u= 5 M1 form 5 + must be correct
= e'+e?=2u = e” -2ue’ +1=0
y z_ 2
= (e’-u) -u’+1=0
= e =uxu*-1 M1 | Reaching e’ Condone omitted +
= +u? - +
= y= In(u +/u? —1) Al(ag) | Completion www; indep. of B1 y In(u = VA 1) or & not
considered scores max. 3
Validly rejecting — sign
_ [ 2
_____ yz0=e’=ut+yu"'-1 Bl Dependent on Al above
OR In(u +u? —1) = In(cosh y +/cosh? y—1) M1 Substituting u = cosh y
= In(cosh y +sinhy)
since sinhy >0 Bl Rejecting —ve square root Dependent on Al
= In(e’) M1 Reaching e’
_____ =y A1l | Completion www; indep.ofBL | |
[4]
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Question Answer Marks Guidance
4 | (i) « =lcosh U= %zlsinh U M1 Reaching integrand equivalent
2 du 2 to k sinh?u
J'\/4x2 ~ldx= I\/cosh2 u —1x%sinh u du
1 - 2
= IES'nh u du Al
_ chosh 2 1 du M1 Simplifying to integrable form. or lezu —1+1e‘2”
4 4 Dependent on M1 above 8 4 8
=lsinh 2u—lu+c AlAl | For 1sinh 2u o0.e. and —lu seen | Or ie2u —lu—ie’2u +C
8 4 8 4 16 4 16
“Lainhucoshu—tutc Condone omission of + ¢
4 throughout
Clear use of
=£\/4x2 -1x 2x—£arcosh 2X+C M1 sinh 2u = 2 sinh u cosh u
4 4 Dependent on M1M1 above
=%x\/4x2 —1—%arcosh 2X+C
a :1 Al a, b need not be written
2 separately
[7]
1 i . N e
4 | (i) J‘ A% —1dx = lx [ax? —l—larcosh 2% M1 Using their (iii) and using limits
1 2 4 3 correctly
N 1 May be implied a/3 —barcosh 2. No decimals.
=7—Zarcosh 2 +Zarcosh1 Alft F.t. values of a and b in (iii) Must have obtained values for a
and b
31 1 Using (ii) accurately
—7—Zln(2+\/§)+zln1 M1 Dependent on M1 above
= % - % In (2 ++/3 ) Al K);fk ,]?i\r(l)allfallrr:sivgtalned Correct answer www scores 4/4
[4]

10
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Question Answer Marks Guidance
5 | (i) Undefined for 6 =2~ and%” B1B1
[2]
5 | (ii) at

-2
-4+
r=secd =rcosfd=1 M1 Use of x =r cosd
=x=1 Al
[3]
a=1:
a

B1 Vertical line through (1, 0)
(indicated, e.g. by scale)

(iil)

B1
(indicated)

a B
B2
-al d (give B1 for one error)
a =—1 gives same curve Bl
a=10<6<mcorrespondstoa=-1,7<0<2r Bl
a=-1,0<f<mcorrespondstoa=1,7<0<2r Bl
[6]
11

Section through (2, 0)

Section through (0, 0)

If asymptote included max. 2/3
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Question Answer Marks Guidance
5 1 (iv) Loop Bl
eg.a=2
-4 2
B2 Give B1 for one error
[3]
51 (v) r=secfd +a
= r—£+a M1 Use of x =r cosé
X
= r(l—lj =a
X
X_
= /X2+y2(_x j:a M1 Useofr=m
= YxX*+y*(x-1)=ax M1 | Correct manipulation
= (X+y7)(x-1) =ax’ Al(ag)
[4]

12
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Question Answer Marks Guidance
_ 2, dy . o dx 2
1| (@ | () | atany=x=asec y& =1 M1 | Differentiating with respect to x or y @y =asec’y
d 1 d 1
S AN Al |For Y orat-—
dx asec’y dx dx sec’y
d
oy 1
dx ( X j
ajl+—
a
dy a . . . .
=== Al(ag) | Completion www with sufficient detail
dx a‘+x
[3]
1| @ | () | x*—4x+8=(x-2)"+4 B1
4 1 1 x—27" M1 Integral_of form a arctan bu or any 1 ul?
IO z—dx =—| arctan—— appropriate substitution —| arctan—
X" —4x+8 2 AP Al Correct integral with consistent limits 2 21,
1
= E(arctan (1) —arctan(-1))
Vg .
= 2 Al Evaluated in terms of ©
[4]
1| (a) | (iii) jlx arctan x dx M1 Using parts with u = arctan x and v’ = 1 Allow one other error
=xarctanx—j X >-dx Al
1+Xx
mio || dex=aln(1+x2)
1 2 1+x
=xarctanx—EIn(1+x )+c )
Al a= E . Condone omitted ¢
[4]
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Question Answer Marks Guidance
1 | () |3 r=2c0s0=r2=2rcosé M1 | Using r* =x*+y’® and x =rcosé
= X" +y°>=2x Al A correct cartesian equation in any form
= (x—l)2 +y’ = Al(ag) | Explaining that the curve is a circle e.g. writing as (x—oz)2 +(y —/3)2 =r?
OR X=rcosf = x=2cos’6
y=rsind = y=2cosdsingd=sin26 M1 Using X =rcosé, y =rsinéd and linking
0820 =2c0s* 0 —-1=x=c0s20+1 Al x in terms of c0s26
= (x=1)" +y*= Al(ag) Explaining that the curve is a circle e.g. writingas (x - )" +(y - )" =r?
""""""""""" Centre(1,0) ["7B1l [iIndependent |
Radius 1 B1 Independent
[5]
1 [0 | (i) | x*+(y-2)=4=>x+y* =4y
—r2=4rsind M1 | Using r’=x*+y® and y=rsiné For answer alone www:
= r=4sind Al Bl for r=ksin@, Bl for k=4
' [2]
2 | @ |@) |1+e? =1+cos26+ jsin26
. 2j60 _ .
:1+(200529—1)+2jsin fcoso M1 Using & =c0s2¢ + Jsin 26 Allow one error
and double angle formulae
=2c0s’ 8+ 2jsin@cos b
=2c0s6(cosd + jsin6) Al(ag) | Completion www
______________________ O F{71;é}éé;é}b’(’éi{a’;787{97)7mm””””””’,\’/lfl”""m""77‘;|7:éfcftfdrfifsfihfg5’;Eirid’éb’rhblé’tfefiébflébférﬁéhfby’7
trigonometric functions
=(cosf + jsing)x 2cosé Al(ag) Completion www
OR 1+ =1+ (cos6+ jsing)’
=1+c0s® 6 —sin* @+ 2jsindcosé
. Using e/’ =cosé + jsin@
=2c0s’ @+ 2jsinfcosd M1 *Ing - ZJ
and 1—-sin® 8 =cos” ¢
=2c0s6(cosd + jsinG) Al(ag) Completion www
S !
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Question Answer Marks Guidance
. ny . ny . )
2 | @ |@Gi) | C+]jS =1+(Je’2"+[2Je"‘”+...+elz”” M1 | Forming C +jS
_ 20 \" M1 Recognising as binomial expansion
=(1+e) Al
=2"cos" §(cos + jsin )"
— 2" cos" 6’(cos né + jsin nH) M1 Applying (i) and De Moivre o.e. Dependent on M1M1 above
Al
— C =2"cos" #cosné Al(ag) | Completion www Need to see "’ =cosné + jsinné o.e.
and S =2"cos" dsinnd Al
[7]
27
2 (b) | () eJT = cos%z + jsinz?” = —% + j73 Bl Must evaluate trigonometric functions
[1]
27 2z 2z
2 (®) | () | Other two vertices are (2 + 4j)ej? M1 Award for idea of rotation by ? e.g. use of arctan 2 +? (3.202 rad)
—(2+4j) —l+j£ (must be 2)
2 2
= (—1— 2\/5) + j(—2 + \/§) A1Al | May be given as co-ordinates
Ar 27 272' 471'
and (2+ 4j)ej? —(2+ 4j)e'17 M1 | Award for idea of rotation by Y e.g. use of arctan2 +? (5.296 rad)
—(2+4j) _l_jﬁ (must be 2)
2 2
_(_ - . [ If AOAOAOAOQ award SC1 for awrt
—( 1+ 2\/5) + j( 2 \/5) A1Al | May be given as co-ordinates 4,46 - 0.27) and 2.46 — 3.73;
[6]

PMT



4756 Mark Scheme January 2013
Question Answer Marks Guidance
2 | (b) | (iii) | Lengthof (2 +4j) = /20
_ 7 \/5 Alternative: finding distance between
So length of side = 2+/20 COSE =220 ><7 M1 | Complete method (2, 4) and (—1— 243,-2+ \/5) 0.e.
=215 Al(ag) | Completion www
[2]
1-1 3 0
3 | () M-Al=| 3 -2-41 -1
0 -1 1-1
det(M - Al) M1 | Forming det(M —Al)
=(1-2)[(-2-4)(1-2)-1]-3[3(1-2)] Al | Any correct form sarrus: (1-2)°(-2-2)-10(1- 1)
=(1-2)(2* +1-3)-9(1-2) oreg. A-1+(1-4)(4*+4-11)
= 1°-131+12=0 Al(ag) | Condone omission of 0
[3]
3 | (i) (2 —1)(/12 +4 —12) =0 M1 | Factorising as far as quadratic Allow one error
:(ﬂ,—l)(ﬂ,—?;)(/1+4)=0 Al
= eigenvalues are 1, 3, -4 Al
0 3 0)(x 0 Forany oneofA=1,3, -4
A=1: |3 -3 -1||y|=|0 M2 | Obtaining two independent equations From which an eigenvector could be found
0 -1 0)\z 0 M1 | Obtaining a non-zero eigenvector
=y=0,3x-z=0 Al |oe. Allowe.g. 3y =0,3x-3y—z=0
1
= eigenvectoris | 0 Al
3
-2 3 0)\x 0
A=3: |3 -5 -1fy|=|0
0 -1 -2)\z 0
= -2x+3y=0,-y—-2z=0 Al o.e.
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=>y=-22,Xx=-32
-3
= eigenvector is | —2 Al
X 0
A=-4: -1 0
0 -1 5)lz 0
=5x+3y=0,-y+5z=0 Al o0.e.
= y=52,x=-3z
-3
= eigenvectoris | 5 Al
1
[12]
1 -3 -3
3 | (iii) Eg. P=|0 -2 5 B1 Use of eigenvectors (ft) as columns
3 1 1 J
10 0 M1 Use of 1, 3, —4 (ft) in correct order n not required for M1
D={0 3 0
0 0 (_4)n Al Power n 4" A0
[3]
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Question Answer Marks Guidance
4 | (i) y =3sinh x — 2cosh x Lo D¢
2 2
:>d—y=3005hx—25inhx B1 1e*+§e‘X
dx 2 2
At TPs, d—y:0:>tanhx:§ M1 Considering d—y:O e*=-5;:e*>0and e *>0
dx 2 dx
which has no (real) solutions Al(ag) | Showing no real roots www
y=0= tanh x 2 M1 Solvi Oasf e?* or tanh x et e?* =5; coshx = 3 :sinhx = 2
= =— olving y = 0 as far as or tanh x etc. =9, =—=; =—=
3 9 J5 J5
1, 1+2 .
= x=-In—3 M1 | Solving as far as x Alttempt to verify o
2 1-2 Award M1 for substituting X =3In5
1 . and M1 for clearly attempting to evaluate
= X= > In5 Al(ag) | Completion www exactly
2
d_g =3sinhx—2coshx =y
dx
2 i 1 — 1 =
. y:O:d—gzo B1(ag) 35|nh(2_ln5) ZCosh(zlnS)_ 0 must
dx be explained, e.g. connected withy = 0
[7]
4 | (ii)
B2 For a curve with the following features:
e increasing
e intersecting the positive x-axis
e (0,-2) indicated
*  gradient increasing with large |X| Award B1 for a curve lacking one of these
e one point of inflection features
[2]

10
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Question Answer Marks Guidance
4 | (i) (3sinh x - 2cosh x)’
=9sinh? x —12sinh xcosh x + 4cosh? x B1
= g(cos.h 2x—1)—6sinh 2x+ 2(cosh 2x +1) M1 | Using double “angle” formulae or complete | o0 sign errors but need L s
2 alternative 2
:Ecosh 2x—6sinh 2x—E Al | Accept unsimplified leZX Jrée’2X -5
2 2 4 2
Ins Attempting to integrate their y
v :”JOZ y“dx M1 (ignore limits)
1
13 . 5 1]2"° A2 Correct results and limits c.a.o. Give Al for one error, or for all three
=7 Zsmh 2x—3cosh 2x X Ignore omitted terms correct and incorrect limits
0
M1 Substituting both of their limits
13 12 13 5 P i
e AR YO Obtaining exact values of sinh(In5)and
”[4X 5 3X5 4In5+3} M1 (In5) sinh(ln5)=£,cosh(ln5)=E
cosh(In5) 5 5
In5 .
1, 25 ,, 5 |2 L Give Al for one error, or for all three
OR = ”[ge 8 __X} A2 Correct results and limits terms correct and incorrect limits
0
M1 Substituting both of their limits
- [E_E_Emm}
4 M1 Obtaining exact values of 2* and e e =5, e ==
________________________________ 5 |
=7 3—Zln 5 Al(ag) | Completion www
[9]
5 ()
B2 Three curves of correct shape Give B1 for two correct curves
B1 Correctly identified a=0,a=1,a=2from left to right
[3]

11
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5 | (ii) ’
Bl Curve fora=-1 Curve with cusp
Bl Curve fora=-2 Curve with loop
[2]
5 (iii) Asymptote Bl
[1]
5 (iv) a=-1:cusp B1
a=-2:loop B1
[2]
5 1) r=secd+acosd= rcosd =1+acos’ @
2
X
:>x=1+a(—2) M1 Using X =rcosé
r
XZ
:x—lza[ - zj M1 | Using r* =x*+y?
X“+y
2 2
2,2 X 2 X 2 M1 Making y? subject
=X +y“=a =y =a - X
¢ [x—l] y [x—lj Al(ag)
Hence asymptote at x =1 Bl
[5]
5 | (vi) Curve exists for y>> 0
1
= a[—lj—lzo M1 | Consideringy®>0
X —
Ifa>0thenx-1>0andsoa>x-1 M1
ie.l<x<l+a Al(ag)
Ifa<Othenx-1<0andsoa<x-1 M1
ie.l+a<x<l Al
[5]

12
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1| (a) f(x)=( —2x)_2
—~ f '(x) - (1_ 2x)_3 %—D— 4(1_ 2x)_3 M1 Derivative in the form k(1 — 2x)*3 0.e. For first derivative
Al Any correct form www
= f"(x)=24(1- 2x)74 Al | Any correct form www
= f"(x)=192(1- 2x)'5 Al | Any correct form www
= f(0)=11f'(0)=4,
f"(0)=24,f"(0)=192
24 192 i i i i ivati . .
= f(x)=1+4x+ —x2 125 My | Using Maclaur_m series with derivatives | 1.t have r1 in denominator
31 evaluated at x =0
= f(x)=1+4x +12x +32x% +.. Al SR: after MOMO B2 for correct
binomial
Valid for —-1<2x<1
= —% <X <% B1 Strict inequalities
_ [7]
1M | @O
Ignore beyond 0 < 0 < /3.
Incomplete loop BO.
For a complete loop correct at the origin | Give B1 for wrong shape at one of
B2 and at the extremity origin or extremity
[2]
1 | (b) | (ii) 0 =5 B1 S.0.1.
r=a Bl S.0.1.
Using x=rcos@ and y=rsinéd with a
- x=acosZt=Y2 av3 M1 g y
6 2 value of 0
and y= asm% =% Al Both. Condone 0.87a
[4]

PMT



4756 Mark Scheme June 2013
Question Answer Marks Guidance
1, . M1 | Anintegral expression includingsin® 36
1 b =|3=a’sin’ . . T _— .
(b) | ity | A ,[0 2a sin” 390 Al Correct integral expression with limits Limits may be inserted below
11
V4 - - 2 _-_= -
=£a2_|'51—cos 60d0 M1 Using sin“ 30 = >3 cos6éd and Qllow sign and factor errors, but must
4 Jo I . o e cos 60
attempting integration. Dep. on 1> M1
3 . . o 1.1,
zlaz H—Esin 66 : Al Correct result of integration ie. j5|n239d0:—9——5|n69
4 6 o 2 12
- %na Al | Dependent on previous Al Allow awrt 0.26a*
[5]
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2 | (@ | (i) | cos58+ jsin50=(cosd+ jsin 0)5
_ 5 4 3:2.2 2:3.3 44 55 - . \5 Allow one error. Must get beyond °C,.
= +5¢"js+10c”j°s” +10cj’s” + 5¢f's” + s M1 | Expanding (c+js) (real terms only) Must collect terms
=¢® -10c’s’ +5cs* + j(5¢*s ~10¢’s° + 5°)
- - 2
=  c0s50=c®-10c’(1-c”)+5¢(1- 02)2 M1 Se:\paratlng real part and replacing s Independent of M1
with 1-c¢
=¢®-10c’ +10¢® +5¢(1-2¢* +¢*)
=16c0s’ & — 20cos® & +5cos & Al(ag) | Completion www in real part
[3]
2 | (@ | (i) | =18 =>co0s50=0 *
= 16¢0s° @ —20cos’ d+5c0s0 =0
cos@ #0=>16c0s* @ —20cos*d+5=0 B1 | This equation s.0.i.
2, 20++/20° —4x16x5 M1 | Solving a 3-term quadratic Allow one error
= cos"O= 2%16 Al | Unsimplified values of cos’9
1 1
2 2
= cosf= i£5+8\/gJ or i[%} SC Answers unsupported www B1
1
L. i 5+\/§ 2 . . . . -
cos18°is closest to 1 = cos18° = 5 Al(ag) | Justifying selection of this root To include
cos’18° +sin®18" =1 M1 | Using cos®@+sin*6 =1
- 5+8£ +sin?18° =1
= sin’18° =% and sin18° >0
1
2
= sinl8 = (ﬁ} Al Must have this form
8
[6]
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. T ks Condone decimal equivalents for
21 () | () | 43 +4j=8e" BIB1 |8, 6 arguments throughout (to 2 s.f.).
Cube roots are re'’
r*=8=r=2 B1ft | 3/their8
30=%:9=% B1ft % of their% Radians only
iz—” M1
3
1 2 11 .
= Hzﬁ, % % Al | Accept —1—g Radians only
B1 | Approx. order 3 rotational symmetry.
1" rootin 0 < arg z < n/4
2" root in 2" quadrant
3" root in 5n/4 < arg z < 3n/2 Ignore numbers etc. on diagram
[7]
(7 13z)\ Tx
2 i) | agw==| —+— |=— Bl
(b) | (i) | a9 2(18 18) 18
n=18 Bl
[2]
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_ A B - : Allow one error. isw unsimplified
det(A)=k(4+9)+7(-4-3)+4(-6+2) M1A1 | Obtaining det(A) in terms of k 65 — 13k M1AO and allows B1 below
=13k —65
= noinverseifk=5 Bl(ag) | May be verified separately
M1 At least 4 cofactors correct MO if more than 1 is multiplied by the
13 -26 _13 (including one involving k) corresponding element
Al Six signed cofactors correct
oL 17 k-4 38 gnes _
13k — 65 M1 Transposing and + by det(A).
—4 k-7 —2k+l4 Dependent on previous M1M1
Al Mark final answer
[7]
When k = 4, M1 Substituting k =4
X 13 26 -13)(p One correct element.
y BT 7 12 41 M2 | Correct use of inverse Condone missing determinant.
71 la s 6 /| 2 MO if wrong order
 ex—13y=p+4 | | Eliminating one unknown in two S
OR edg. =>x=-p+4 M2 different ways and reaching one
4x-13y=3p-4 unknown in terms of p
M1 Finding the other two unknowns

I 13p—52
= |Yy|=— 7Tp-20
z)  Tl-4p+17

Dependent on all M marks.
A2 Terms must be collected.
Give Al for one correct

[5]

Neped,y—dp O
- p ’ y_ 13 p 13 1
4 17
I=—p-—
13~ 13
A % correct vector (A #0) Al
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3 | (i)

F lutions, 4=3p-4 . S
or soiutions, p+ P M2 different ways & obtaining a value of p
_____________________ e Y e e
A method leading to an equation from E.g. setting z = 0, augmented matrix,
OR M2 . - )
which p could be found adjoint matrix, etc.
Obtaining general soln. by e.g. setting Accept unknown instead of A
7 8 4 1 M1 | one unknown = A and finding equations | y_18748 y_4 7—_4;_3
X=A4,y= -——,7=- . . 7 7Y ' 7 7
137 13 137 13 involving the other two and A B 1 y__1;5.3 7
Al | Any correct form X=—GA-nY=—qA-4 2=
Straight line Bl Accept “sheaf”, “pages of a book”, etc. :ndependent of all previous marks.
gnore other comments
[6]

eg. 7x-13y=p+4,7x-13y=3p-4
(or 4x+13z=7-2p,4x+13z=-1)
(or 8y+14z=p-10,4y+72=-3)

Eliminating one unknown in two

Or 7x—-13y =8
Or 8x+26z=3p-14
Or 4dy+7z=5-2p

10
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u -u 2u —2u
4 | (i) coshu ==+ :coshzu:ﬂ
4
. e'—e" ., eM-2+e™ . .
sinhu = =sinh“u 2 B1 Numerators of both expressions Accept other variables
.................... . Soshiusinhu=t ] B@O) | COMPIEUON WWW et
OR coshu +sinhu=¢"
coshu —sinhu=e™
= cosh’u—sinhu=e¢"xe™ B1 Both expressions s.0.i. and multiplication
______________________ = _Cosh’u—sinh®u=1 _Bl@g) | | Completionwww | i
[2]
4 | (i) y =arsinhx = x =sinh y
— @: cosh y M1 )s(lnh y = ... and differentiating w.r.t. y or Or cosh yg—yzl or differentiating (*)
X
= y__1 Al
dx coshy 0.€
N dy Al(ag) Completion www with valid Zi i\/l_z as final answer or *
w/1+smh2 1+x° 9| intermediate step 1+
not considered scores max. 3/4
y is an increasing function so take + sign Bl Validly rejecting negative value Orcoshy>1,orcoshy>0
-
X=sinhy = x= Ze Bl X in exponential form
= e -e?=2x
= -2xe’ -1=0 M1 | Obtaining quadratic in e’
= (ey - x)2 =1+x°
= e =xzVJ1+Xx° M1 | Solving to reach e’ . Dep. on M1 above | Allow one slip
= y=lIn (x(i)\/1+ G ) (*) | Al(ag) | Completion www
X —~/1+ X2 <0 so take + sign B1 | Validly rejecting negative root eg.e’>0
[9]

11
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2 1 12 1
4 | (iii ———dx==| ————dx
(iii) j.o /4+9X2 3,[0 %—FXZ
M1 Integral involving arsinh
1[ SX}
arsinh— 1 3x
3 2 |, AlAl | =, —o.e.
3" 2
=larsinh3
____________________ R
2 M1 Integral in form In(kx+\/k2x2+...)
, 4
OR |:|n(x+ /x +—j] 1 1 3 0
9], AlAl 3 X+ /x2+§ or 3x++/9x* +4 Or?x+ %+1
"""""""""""" U dx 2 7ML [ Using asinhsubstitution
OR X_ESInhUjﬁ_ECOShU Al Correct substitution
n +\/—
[— —j” 11 4 Al L
____________________ N4+ R A Bk 2 ASSOUOOOOUR OO RTOROO
=—In(3+\/7 ) Al(ag) Completion with valid intermediate Condone omitted brackets
step(s)
[4]

12
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4 | (iv) Il L arsinhxdx
iv
O J1+x?
1 Allow one error
ar |nhx ] arsinhxdx Parts with u =arsinhx, v’ =
[( S .[ \/1+—x M1 ars wi W Allow equivalent form
R arsinhxdx = [udu M1 Substitution with u = arsinh x
o] IJH—X S d _[ or X = sinh U Must reachJ.udu
| [ORimspection _____________ML| [ Recognising integrandask(arsinhx)’ 1 k#0
= %(arsinh x)2 Al | A correct indefinite integrand
1 2
= | =E(In(1+ \/E)) Al This answer only Mark final answer
[3]

13
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